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Abstract
In this thesis, the reliability and statistical analyses of reinforced concrete (RC) coupling
beams and overhanging beams designed per the flexural and shear design requirements
specified in the current Canadian concrete design code, CSA A23.4-04, are carried out
considering the combined shear force and bending moment. The shear forces and bending
moments acting on the coupling beams are assumed to be due to the wind load only, whereas
the load effects on the overhanging beams are assumed to be due to the dead and live loads.
The modified compression field theory (MCFT) is implemented to predict the shear-moment
interaction diagram of the RC beam cross section. The statistical parameters of the coupled
shear-moment resistance are evaluated by incorporating the MCFT in the Monte-Carlo
simulation. The first-order reliability method (FORM) is employed to evaluate the reliability
indices for the critical sections in the RC beams based on the statistics of the shear-moment
resistance and maximum load effects over a 50-year design life. The calculated reliability
indices are either consistent with or slightly lower than the selected target reliability index of
3.0 based on a 50-year design life. The RC beams designed using the general method
included in CSA A23.3-04 shear design provisions usually have a higher reliability level than
those designed using the simplified method. The bias factors of the coupled shear-moment
resistance are obtained for the critical sections in the RC beams considered in this study. The
coefficient o f variation of the shear-moment resistance is approximately 16% for coupling
beams and 15% for overhanging beams. The shear-moment resistance can be adequately
characterized by the normal distribution.
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C hapter 1
1.1

Introduction

Background and Literature Review

A reinforced concrete (RC) beam is almost always subjected to bending moment and
shear force simultaneously. The response of RC beams subjected to bending moment is
straightforward to analyze; however, the response of RC beams subjected to shear or
combined bending and shear is much more complex (ASCE-ACI Committee 445, 1998).
The truss analogy developed by Ritter and Morsch (see ASCE-ACI Committee 445, 1998)
assumes that the shear is carried by diagonal compressive stresses in concrete inclined at
45 degrees to the longitudinal axis and ignores the tensile stresses in the diagonally
cracked concrete. However, the truss analogy is conservative partly because the actual
inclination of the diagonal compressive stresses in concrete is typically less than the
assumed 45 degrees.
The modified compression field theory (MCFT) (Vecchio and Collins, 1986; Collins and
Mitchell, 1991; Bentz and Collins, 2006) is a significant improvement over the truss
analogy in that it allows the inclination angle of the diagonal compressive stresses in the
concrete to be calculated based on the beam deformation and also accounts for the
influence of tensile stresses in the cracked concrete.

The MCFT is now widely

recognized as one of the most accurate and rational approaches to predict the response of
RC members subjected to shear, axial force and bending moment (Bentz and Collins,
2006). Several major design codes in North America, such as the current Canadian
concrete design code, CSA A23.3-04 (CSA, 2004), Canadian highway bridge design
code, CSA S6 (CSA, 2006), and American Association of State Highway and
Transportation Officials LRFD bridge design specifications (AASHTO, 2004), have
adopted the MCFT as the basis of the shear design provisions for RC members.
Fimit States Design or Foad and Resistance Factors Design (FRFD) is the basis of a
majority of the structural design codes in Canada and the US, respectively. The selection
of the partial safety factors (or load and resistance factors) in these codes is based on
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reliability analyses of structural elements with respect to various limit states such as
bending, shear and compression. Reports of reliability analyses of RC beams subjected
to combined shear and bending are limited in the literature. This is perhaps because that
it is complex to evaluate the response of RC beams under combined shear and bending.
Piliszek (1993) evaluated the system reliability of a simply-supported RC beam subjected
to uniformly distributed load by treating the beam as a series system consisting of a
number of contiguous beam segments, each of which may fail by one of the five potential
failure modes due to shear, bending and combined shear and bending. The truss analogy
was adopted to evaluate the capacities of the beam segments subjected to shear and
combined shear and bending. The Hasofer-Lind reliability index was calculated for each
beam segment with respect to the corresponding failure mode, and the system reliability
of the beam was estimated using the Ditlevsen bounds (Ditlevsen, 1979).
Hamut9uoglu and Scott (2009) used the first-order reliability method (FORM) to evaluate
the reliability of a critical section in a bridge girder subjected to moving loads
considering shear-moment interaction.

The shear-moment interaction diagram of the

critical section (i.e. the loci of the shear forces and bending moments applied to the
section at failure) was defined as the resistance in the limit state function and
approximated by a smooth Lamé curve. The pure shear capacity on the interaction
diagram was calculated based on MCFT. The geometry and material properties of the
cross section were assumed to be random variables in the FORM analysis. However, the
two key MCFT parameters, which respectively define the concrete contribution to the
overall shear capacity and inclination angle of diagonal cracks in the concrete, were
assumed to be deterministic quantities, as opposed to be functions of the geometry and
material properties according to the MCFT. The impact of these simplifying assumptions
on the reliability analysis results was not reported.
Turan et al. (2008) evaluated the statistics of the shear-moment resistance of an RC
bridge girder that was representative of the bridge design and construction in the United
States in the mid 1950s. The AASHTO (2003) implementation of MCFT (referred to as
the AASHTO-MCFT), which is a much simplified version o f the MCFT, was used to
develop the shear-moment interaction diagrams for the shear dominated cross sections.
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The coupled shear-moment resistance was defined as the length of a straight line that
connected the origin of the shear-moment interaction diagram and any given point on the
diagram. The Monte-Carlo techniques were used to generate a set of samples of the
shear-moment interaction diagrams for each of the three critical cross sections in the
girder by assuming the girder geometry and material properties to be random variables.
These samples were then used to evaluate the values of the bias and coefficient of
variation of the shear-moment resistance at the selected cross sections. The bias was
calculated based on the nominal interaction diagram evaluated from the AASHTO-MCFT
using the nominal girder geometry and specified material properties.
The two shear design methods, namely the general and simplified methods, included in
the current edition of CSA A23.3-04 are both based on the MCFT.

To the best

knowledge of the author of this thesis, reliability analyses of RC beams that are designed
per CSA A23.3-04 and subjected to combined shear and bending have not been reported
in the literature. Such analyses are valuable in that they can demonstrate the reliability
levels associated with the RC beams as implied by application of the current Canadian
design codes, i.e. National Building Code of Canada (NRC, 2005) and CSA A23.3-04,
and provide evidence as to whether the partial safety factors specified in these codes are
adequate for RC beams with respect to the limit state involving combined shear and
bending. Moreover, the statistics of the coupled shear-moment resistance for RC beams
designed per CSA A23.3-04 are unavailable in the literature. These statistics can be used
to facilitate the code calibration and development of structure-specific load factors for
unique building structures. Previous studies indicate that the shear-moment interaction
diagram is critical to the reliability and statistical analyses of RC beams subjected to
combined shear and bending.

The MCFT can be used to accurately evaluate the

interaction diagram; however, direct incorporation of the MCFT in the reliability or
statistical analysis has not been attempted in previous studies.

Instead, approximate

interaction diagrams were employed, e.g. those developed using the Lamé curve or the
AASHTO-MCFT. This may cast some doubt on the accuracy of the analysis results
obtained in these studies.
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1.2

Objective and Scope

The objectives of the study presented in this thesis are, to 1) carry out reliability analyses
of RC beams designed per CSA A23.3-04 for the limit state corresponding to combined
shear and bending, and to 2) carry out statistical analyses o f the coupled shear-moment
resistance for RC beams designed per CSA A23.3-04, and evaluate the bias factor,
coefficient of variation and probability distribution of the shear-moment resistance.
The MCFT was employed in this study to evaluate the shear-moment interaction
diagrams for RC beams by satisfying the equilibrium and compatibility conditions as well
as constitutive models for both the concrete and reinforcement. The FORM was used to
calculate the reliability of various representative design cases of RC beams, whereas the
Monte-Carlo techniques were employed to evaluate the statistics of the shear-moment
resistance for the same design cases.
Two types of non-prestressed RC beams were analyzed in the study: namely the coupling
beams in RC high-rise buildings that consist of coupled shear walls as part of the lateral
load resisting system and simply-supported beams with a cantilever overhang at one end.
The coupling beams were selected because they are common in practice and typically
subjected to high bending moments and shear forces at the same time due to the lateral
load (i.e. the wind or seismic load) acting on the structure. Therefore, the shear-moment
interaction is an important limit state that needs to be investigated for such beams. The
overhanging beams, which are also quite common in practice, were assumed to be
subjected to gravity loads (i.e. the dead and live loads) that are uniformly distributed over
the length of the beam. It follows that the region in the vicinity of the support close to the
cantilever end of the beam can be subjected to high shear force and bending moment.
The shear-moment interaction therefore can be a critical limit state for such beams.
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1.3

Thesis Outline

This thesis is prepared in a monograph format and consists of five chapters.

The

references and appendices for all the chapters are presented at the end of the thesis. The
contents of all the chapters are briefly described in the following.
Chapter 1 presents the background, literature review, objective and scope of the study. In
Chapter 2, the MCFT is reviewed, and the detailed procedure of calculating the shearmoment interaction diagrams of RC beams subjected to shear and bending is presented.
The design requirements associated with the general and simplified shear design methods
specified in CSA A23.3-04 are briefly described. The reliability analysis of RC coupling
beams designed according to CSA A23.3-04 is described in Chapter 3.

The

methodologies for carrying out the analysis are described; the reliability indices obtained
for a set of design cases are presented, and results of the sensitivity analysis with respect
to the maximum aggregate size and model error are discussed. The statistical analysis of
the coupled shear-moment resistance for the coupling beams is carried out using MonteCarlo techniques. The bias, coefficient of variation and probability distribution of the
shear-moment resistance are presented for the coupling beams.

In Chapter 4, the

reliability and statistical analyses of RC overhanging beams designed according to CSA
A23.3-04 are carried out. Based on the similar methodologies as used for the coupling
beams, the reliability indices for a set of design cases of the overhanging beam and
probabilistic characteristics of the corresponding coupled shear-moment resistance are
obtained. Sensitivity analysis results with respect to the longitudinal reinforcement on
the flexural compression side of the critical section and model error are also presented.
Chapter 5 includes a summary of the study, conclusions drawn from the analysis results,
and recommendations for future work.
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C hapter 2
2.1

The Modified Compression Field Theory

Introduction

The modified compression field theory (MCFT) (Vecchio, 1981; Vecchio and Collins,
1986; Collins and Mitchell, 1991) is one of the most rational approaches currently
available for predicting the response of RC members subjected to shear forces, bending
moments and axial forces. The MCFT is based on the compression field theory (CFT)
(Mitchell and Collins, 1974; Collins, 1978) that was developed for predicting the
response of RC members subjected to shear and torsion. The compression field theory
assumes that the cracked concrete carries no tension, whereas the MCFT accounts for the
contribution of the tensile stresses in the cracked concrete. The compatibility conditions,
equilibrium conditions and stress-strain relationships are all formulated in terms of the
average stresses and average strains in the MCFT. All the compatibility conditions of the
MCFT are satisfied at the cross section of an RC member. The longitudinal dimension of
the member has no impact on the analysis. The MCFT is therefore a sectional evaluating
approach (Gregor, 1989) that provides a means to develop the shear-moment-axial force
interaction diagram for cross sections of RC members.
The fundamentals of the MCFT are described in Section 2.2. The basic assumptions and
procedures involved in using the MCFT to evaluate the shear-moment-axial force
interaction diagram of an RC cross section are described in Section 2.3. The current
edition of the Canadian concrete design code, CSA A23.3-04 (CSA, 2004), includes two
shear design methods, namely the general method and simplified method, both of which
are based on the MCFT. These two methods are briefly described in Section 2.4.

2.2

Fundamentals of MCFT

2.2.1 Basic assumptions
Consider a cracked RC membrane element (see Fig. 2.1) that is subjected to uniform
axial stre sse s,a n d f y, and uniform shear stress, vxy.
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Figure 2.1 RC membrane element
The following basic assumptions (Vecchio and Collins, 1986) are employed in the MCFT
to predict the relationships between the stresses f x, f y and vxy, and the corresponding axial
and shear strains, ex, sy and yxy.
1) The stresses and strains in the concrete and reinforcement are considered in terms of
the average values measured over a distance including several cracks.
2) The concrete and reinforcement are bonded together perfectly without any overall slip.
This means that the strain change in the concrete is identical to that in the reinforcement
due to applied forces.
3) The directions of the principal stress and principal strain are identical. In other words,
the inclination of the cracks in the concrete is identical to the inclination of the principal
compressive stress in the concrete.
4) Both the longitudinal and transverse reinforcements are uniformly distributed within
the membrane element and described by the two reinforcement ratios, psx and psy,
respectively.
Additionally, the tensile stress and strain are considered positive while the compressive
stress and strain are considered negative.
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2.2.2

Compatibility and equilibrium conditions

The assumption that the concrete and reinforcement are bonded together perfectly leads
to the following compatibility condition:
(2.1a)
£y

£Sy

SCy

(2.1b)

where £sx and £sy are the strains in the reinforcements in the x and y directions
respectively, and £cx and £cv are the strains in the concrete in the x and y directions. The
Mohr’s circle of strains shown in Fig. 2.2 illustrates the transformations involving sx, £y
and yxy (Vecchio and Collins, 1986). Some useful relationships that can be derived from
the geometry of the Mohr’s circle are as follows:
£x + £y = £ l+

x

(2.2)

£2

£1+s2tan2d
1+tan2d

(2.3a)

£1tan2d+£2
1+tan20

(2.3b)

where £\ is the principal tensile strain;

£2

is the principal compressive strain, and 9

denotes the angle of the principal compressive strain with respect to the x axis.
r
cracks

Average strains

Figure 2.2 Mohr’s circle of average strains
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For the RC membrane element shown in Fig. 2.1, the stresses in the concrete and
reinforcement result from the forces applied to the membrane. In the x direction, the
equilibrium condition leads to
fxA =

fc X A C

+ fsxAs

(2-4)

where A is the area of the cross section; Ac and As are the areas of the concrete and
reinforcement respectively, and

f cx

and

are the stresses in the concrete and

reinforcement in the x direction and assumed to be uniformly distributed across the cross
section of the membrane.

Recognizing psx = AJA and ignoring the reduction of the

concrete area due to the presence of the reinforcement, i.e. Ac ~ A, one can recast Eq.
(2.4) as follows (Vecchio and Collins, 1986):
fx ~

fcx 4"P s x f s x

(2.5a)

A similar equation can be written in they direction:
fy

f e y 4” P s y f s y

(2.5b)

wheref cy and f sy are the stresses in the concrete and reinforcement in they direction.
It is assumed that the reinforcements in the x and y directions do not carry shear forces
(i.e. no dowel action). This leads to
Tsx
where

vSy

0

(2-6)

and yvv are the shear stresses in the reinforcements in the x and y directions.

This means that the shear stress (vxy) on the RC membrane element in Fig. 2.1 is entirely
carried by the concrete, i.e.
vXy

vcx

vCy

(2.7)

where vcx and vcv are the shear stresses on the concrete surfaces that are perpendicular to
the x and y directions respectively.
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The stresses in the concrete can be succinctly summarized in a Mohr’s stress circle shown
in Fig. 2.3. The following useful relationships can be derived from the Mohr’s circle:
VXy / t a n 9

(2.8a)

fe y = f c l - v xy ■t a n 9

(2.8b)

fc x

fcl

fc2 = f c l -

where

f c\

Vxy ■ (ta n 9

+1 / t a n

9)

(2.9)

and f a are the principal tensile and compressive stresses in the concrete

respectively. Note that the angle of f a with respect to the x axis is the same as the angle
of the principal compressive strain ( q ) with respect to the x axis (see Fig. 2.2), according
to Assumption 3) listed in Section 2.2.1.

Figure 2.3 Mohr’s circle of average stresses in concrete

2.2.3

Average stress-strain relationships

The elastic-perfectly plastic stress-strain relationship is typically assumed for the
reinforcement, i.e.
fsx

=

Es - a x < f y x

(2.10a)

f Sy

=

ES

■£ y < f y y

(2.10b)
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where Es is the elastic modulus of the reinforcement, and f yx and fyy are the yield strengths
of the x- and y-direction reinforcements respectively.
As shown in Fig. 2.4, the principal tensile stress in the concrete is related to the principal
tensile strain ¿ï through the following equation (Collins and Mitchell, 1991):
Ec ‘ ^1
/c l

^1 — £cr
(2. 11)

1+750ÛÊ! £l ^ £cr

where Ec is the elastic modulus of the concrete; scr = f J E c is the cracking strain of the
concrete, and f cr (MPa) is the cracking stress of the concrete that can be calculated from
the concrete cylinder compressive strength,^ (fc being positive), as follows:
fcr = 0 .3 3 /6 7 ( £ in MPa)

(2.12)

Figure 2.4 Stress-strain relationship of concrete in tension
The principal compressive stress in the concrete f a is a function of not only the principal
compressive strain ¿2 but also the principal tensile strain e\ \ that is, the concrete subjected
to bi-axial tensile and compressive stresses is weaker than the concrete subjected to
uniaxial compressive stress only (Vecchio and Collins, 1986). As shown in Fig. 2.5, the
relationships between fa ,
fa = fanw, ■[2 ( |)

£2

and s\ are suggested as follows (Vecchio and Collins, 1986):

- (I ))

(2.13)
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1
fc 2 m a x _ _______1______

-fc

~~ 0.8-0.34f!/4 < 1.0

(2.14)

where sc is the compressive strain corresponding to the peak values of fdmax and f c2,
meanwhile set equal to a typical value of -0.002.

Figure 2.5 Stress-strain relationship of cracked concrete in compression

2.2.4

Crack checks

The stresses in the concrete and reinforcement at the cracks are different from those
between the cracks. At a crack, the tensile stress in the concrete is zero; the tensile stress
in the reinforcement is higher than the average value between the cracks. These local
variations are important in the MCFT because the ability of the reinforcement to transmit
the tension across the cracks determines the ultimate capacity of the RC membrane
element.
Figure 2.6 shows two parallel sections cutting through the RC membrane element, one at
a crack and the other between the cracks (Vecchio and Collins, 1986). Both sections
represent the principal planes given that the inclination of the cracks is assumed to be the
same as that of the principal compressive stress. The stresses on the section between the
cracks are the average stresses in the reinforcements, i.e. f sx and f sy, and the principal
tensile stress in the concrete f c1. The stresses on the section at the crack are the local
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stresses in the reinforcements, f sxcr (fsxcr > ./«■) and f Tcr (fsycr > ,/n) in the x and y directions,
and the local shear stress vc, on the plane. Note that Vecchio and Collins (1986) also
assumed a local compressive stress to be present on the crack surface. However, this
compressive stress has a small impact on the analysis results and is usually ignored for
simplicity (e.g. Collins and Mitchell, 1991; Bentz and Collins, 2006). Given this, the
local compressive stress on the crack surface was also ignored in this study.

Figure 2.6 Average stresses and local stresses
The equilibrium condition dictates that the two sets of stresses on the two planes shown
in Fig. 2.6 must be equivalent. This leads to the following two equations in the x and y
directions respectively:
Psx ( fsxcr

fsx ) “ f c l

Psy (A y e r ~ f s y ) = f a ~

tCLTl 6

(2.15a)

v ci tan 6

(2.15b)

Vci /

The reinforcement is typically assumed to be elastic-perfectly plastic; therefore, the
stresses in the reinforcements are limited by the yield strengths, i .e .^ < f sxcr <f yx and f sy <
fsycr —fyyThe shear stress across the crack, ve„ is transmitted by the so-called aggregate interlock
mechanism and subjected to an upper limit, i.e. v„ < vcimax, with vcimax defined as follows
(Vecchio and Collins, 1986; Bentz and Collins, 2006):
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0-18 J f
V cimax

0 .31 + 2 4w /(a + 1 6)

(MPa)

(2.16)

where a is the maximum aggregate size (mm), and w is the crack width (mm). The crack
width w is estimated using the following equations (Vecchio and Collins, 1986):
(2.17)

w = Ei - s e

l
^0

(2.18)

sin 8 ^cos 6
sm y

where se is the average spacing of the diagonal cracks, and smx and smy are the average
spacing of the cracks perpendicular to the x and y directions respectively and can be
estimated as 1.5 times the maximum distances between the adjacent reinforcing bars in
the x and y directions respectively (Gregor, 1989).
Several scenarios can arise from the crack checks as expressed in Eqs. (2.15a) and
(2.15b). At low values of the shear stresses whereby f sxcr < f yx and f sycr <fyy, the tensile
stress in the concrete,/-i, is transmitted across the crack by the local increases in the
reinforcement stresses (Vecchio and Collins, 1986). In this case, no local shear stress is
present at the crack, i.e. vc/ = 0. If the reinforcements in the membrane element are
arranged such that psx(fyx -,/„ ) ^ Psyifyy - fsy), fsxcr will reach f yx while /;:v,„ is still smaller
than fyy. In this case vci = 0, and it then follows from Eq. (2.15a) that f c] is limited by the
following equation:
/cl <

P s x i f y x - fsx )

(2.19)

If the reinforcements are arranged such that psx{fyx - f sx) > Psyifyy -fsy), fsycr will reach f yy
while f^cr is still smaller than f yx. In this case there will be va developed at the crack
surface once f c\ is greater than psyifyy - fsy)- It then follows from Eq. (2.15b) that f c\ is
limited by (Vecchio and Collins, 1986):
/ c l — Psy ( f y y

f s y ) T V cim ax tCLTl 0

(2.20a)
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However, if f sxcr reaches f yx prior to vc/ reaching vcimax,, the combination of Eqs. (2.15a)
and (2.15b) leads to a limit o ff c\ that can be derived as follows (Vecchio and Collins,
1986):
V ci ~ [ / c l

P s y C /y y ~ fs y ) ] /

@ — Vcim ax

X

cos 28

s in 2d

then
fc l — P sx(fyx

f s x ^ s ift

9 T Psy(/yy

f s y ' ) C0S

@

(2.20b)

Vecchio and Collins (1986) developed a solution procedure to predict the shear capacity
of a given RC membrane element subjected to either pure shear stress or shear stress
combined with bi-axial normal stresses by combining the aforementioned compatibility
and equilibrium conditions, average stress-strain relationships for the concrete and
reinforcement, and local crack checks. The solution procedure traces the relationship
between the shear stress vxy and the principal tensile strain £\ by gradually increasing s\
and solving for the corresponding value of vxy. The shear resistance of the RC membrane
element is then determined as the maximum shear stress that the membrane element can
carry before reaching one of the three potential failure modes (Vecchio and Collins,
1986): slipping on the crack surface, i.e.fc\ limited by Eq. (2.20a), concrete crushing, i.e.
f C2 reaching famax, and yielding of the x-direction reinforcement at the crack, i.e. f c\
limited by the minimum value of the right hand sides of Eqs. (2.19) and (2.20b).

2.3

Shear-moment Interaction Diagram

2.3.1
2.3.1.1

Analysis approach
General

Consider a given RC cross section subjected to a set of sectional forces (i.e. bending
moment, axial and shear forces). The formulations of the MCFT, together with the plane
section assumption, can be used to develop the envelope (i.e. interaction diagram) of the
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shear-moment-axial force capacity for the cross section (Vecchio and Collins, 1988;
Collins and Mitchell, 1991). Vecchio and Collins (1986) developed a so-called dual
section analysis approach to evaluate the shear-moment-axial force interaction diagram.
This approach considers the RC cross section to consist o f a series of concrete and
reinforcement layers. The longitudinal strain distribution and shear flow distribution
across the cross section are solved iteratively for a given set of sectional forces. A
section that is very close to the target cross section is also analyzed (hence the dual
section analysis approach) to correctly predict the shear flow distribution. To evaluate
the longitudinal stresses in the concrete layers from the longitudinal strain distribution,
each concrete layer is treated as an MCFT element that must satisfy the compatibility and
equilibrium conditions, the stress-strain relationships and local crack checks described in
Section 2.2. A computer program, Response-2000, developed at University of Toronto is
based on this dual-section analysis approach (Bentz, 2000) and now widely recognized as
the benchmark program for predicting the response o f RC cross sections subjected to
shear, bending and axial force using the MCFT.

However, since the source code of

Response-2000 is unavailable to the present study, it is very difficult to incorporate
Response-2000 directly in the reliability and statistical analyses of the RC beams.
Moreover, although the dual-section analysis approach can evaluate the shear-momentaxial force interaction diagrams rigorously, it is computationally intensive and not
suitable to incorporate in the reliability analysis carried out in this work.
Vecchio and Collins (1988) simplified the dual-section analysis approach and developed
a much more efficient yet sufficiently accurate approach to evaluate the interaction
diagram. This approach was adopted in the present study and is described in detail in the
following. For a typical RC cross section with a width of bw and a depth of H as shown
in Fig. 2.7, the section is divided into a series of concrete and reinforcement layers. Also
shown in Fig. 2.7, each concrete layer is defined by its individual width bt, depth h, and
the relative depth to the top fiber of the section y ci. Each longitudinal reinforcement layer
is composed of the steel bars at the same horizontal position and defined by its individual
area Asxi, yield strength f yxi and the relative depth to the top fiber of the section y si. The
transverse reinforcement, i.e. stirrups, is assumed to be perpendicular to the longitudinal
reinforcement and characterized by the transverse reinforcement ratio, psy, which equals

17

the total area of all the stirrup legs within a distance equal to the stirrup spacing divided
by the product of bw and the stirrup spacing.
b*

Figure 2.7 Schematic of concrete and reinforcement layers
Two simplifying assumptions (Collins and Mitchell, 1991) are involved in the approach.
The first assumption is that the shear flow is uniform over the effective shear area, which
is typically defined as the flexural lever arm dv multiplied by the web width bw (equal to
the cross-sectional width for a rectangular cross section) (Gregor, 1989; Collins and
Mitchell, 1991). For simplicity, the flexural lever arm dv (see Fig. 2.7) was assumed to
be the distance between the centroids of the top and bottom reinforcements in the cross
section in this study. The second assumption is that the bi-axial stress state (i.e. normal
and shear stresses) is considered at only the mid-depth of the cross section.

This

assumption implies that the inclination of the principal compressive stress in the concrete
(i.e. 0) is determined at the mid-depth of the cross section and remains constant over the
effective shear area of the cross section.
A key component in the analysis is to determine the longitudinal stresses in the concrete
and reinforcement layers for a given longitudinal strain distribution. According to the
plane section assumption, the longitudinal strains in both the concrete and the
reinforcement layers are fully determined by the strain at the mid-depth of the cross
section (sxm) and the strain at the bottom of the cross section (£*) (see Fig. 2.8). It is also
assumed that the strain is uniform within a certain concrete or reinforcement layer.
Given the longitudinal strain distribution and above-mentioned two simplifying
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assumptions, the longitudinal stresses in the concrete layers within the effective shear
area are considered uniform and must be determined based on the MCFT formulations
described in Section 2.2 corresponding to £xm. The longitudinal stresses in the concrete
layers outside the effective shear area are calculated using the uniaxial stress-strain
relationships of concrete; that is, the tensile stress is calculated using Eq. (2.11) with f c\
and s\ replaced by f cx and sx respectively, where f cx and sx are the longitudinal stress and
strain in a given concrete layer outside the effective shear area; the compressive stress is
calculated using Eq. (2.13) with fd.fdmax and

£2

replaced by f cx, f c and sx respectively.

Finally, the longitudinal stresses in the reinforcement layers can be directly determined
from the longitudinal strains using the elastic-perfectly plastic stress-strain relationship
given by Eq. (2.10). It should be noted that the longitudinal stresses in the reinforcement
and concrete layers calculated according to the aforementioned procedure are the average
stresses, i.e. the stresses between the cracks.

dr
xy

Logiludinal strains

Shear flow

Figure 2.8 Longitudinal strain and shear flow distributions

2.3.1.2

Crack checks

Special considerations were given to the crack checks involved in the shear-moment
interaction (the presence of axial force on the cross section has no impact on the crack
checks). The crack checks described in Section 2.2.4, which consist of the x- and ydirection checks, are based on the pure shear condition. Note that the y-direction crack
check equation, i.e. Eq. (2.20a), is equally applicable to the combined shear and moment
condition.

On the other hand, the extension of the x-direction crack checks, as
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represented by Eqs. (2.19) and (2.20b), to the combined shear and moment condition is
not straightforward. This is because the stress in the longitudinal reinforcement varies
over the cross-sectional depth due to the presence of the bending moment on the cross
section, in contrast to the uniform stress in the longitudinal reinforcement corresponding
to the pure shear condition.
To the author’s best knowledge, there is no information in the literature concerning the xdirection crack checks under the combined shear force and bending moment condition. A
simple x-direction crack check was therefore proposed in this study. This involves two
separate checks for the reinforcements included in the top and bottom halves of the
effective shear area respectively.

For either check, a single equivalent value of the

average stress in the reinforcement is employed. Given the above, the x-direction crack
checks represented by Eqs. (2.19) and (2.20b) are extended to the combined shear and
moment condition as follows:
f c l — m ^{P sxt{fyx
f s y ^ CO S 9, Psxbi^fyx

where Psxi

f s x t )> P s x b i j y x
fsxb)*™ 9 +

f s x b ) ’ P s x t (/yx

Psy(/yy

—y..■/ sa^/T^u¿T 2 ). pxxb

fsy

)cOS

f s x t } s ^n @ d" Psyi^fyy
9]

(2.21)

iA/2 ). Psxt and Psxb are the longitudinal

reinforcement ratios for the top and bottom halves of the effective shear area
respectively, f sxt - '^jfsXtjAsxijlY.jAsxtj,fSXb~

sxhk^k-'^whk* Asxtj and fsxtj are the area and

stress of the j lh reinforcement layer included in the top half of the effective shear area
respectively, and Asxbk and f sxbk are the area and stress o f the kth reinforcement layer
included in the bottom half of the effective shear area respectively. Note that f sx, (fsxt)
denotes the equivalent value of the average stress in the reinforcement included in the top
(bottom) half of the effective shear area, which equals the total force in the reinforcement
divided by the corresponding total reinforcement area.

2.3.1.3

Calculation steps

A step-by-step procedure to evaluate the shear capacity of an RC cross section with given
bending moment A/and axial force N is as follows (Gregor, 1989; Collins and Mitchell,
1991):
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1) Select an initial principal tensile strain s\. s\ should be greater than the mid-depth
strain caused by the given moment M and axial force N.
2) Estimate the inclination angle of the cracks d9 which is the direction of the principal
compressive stress f a relative to the longitudinal axis.
3) Estimate the average stress in the transverse reinforcement/^.
4) Calculate the principal tensile stress in the concrete f \ from Eq. (2.11).
5) Calculate the shear stress vxy from Eqs. (2.5b) and (2.8b), i.e.
Vxy

= (/cl +

P s y fs y ) / t a n 9

(2.22)

6) Calculate the principal compressive stress f a from Eq. (2.9).

7) Calculate the principal compressive strain s 2 at the mid-depth of the cross section, i.e.
¿2 = £¿(1 -

yjfc2/ fc2max)

(2-13)

8) Calculate the vertical strain at the mid-depth of the cross section sy using Eq. (2.3a).

9) Calculate/y from Eq. (2.10b). If this calculated f sy is not equal to the value of f y
assumed in step 3), re-estimate f sy and return to step 4).
10) Calculate the longitudinal strain at the mid-depth of the cross section exm, i.e.

^xm

£1t a n 26+£2
l + t a n 2d

(2.3b)

11) Estimate the longitudinal strain distribution of the cross section by fixing the value of
£xm and selecting a strain at the bottom of the cross section. According to the estimated
longitudinal strain distribution, calculate the bending moment on the cross section based
on the stresses in the reinforcement layers and the concrete layers outside the effective
shear area. Vary the strain distribution until the desired moment M is reached. Calculate
the corresponding axial force Nm acting on the section that corresponds to the longitudinal
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stresses in the reinforcement layers and the concrete layers outside the effective shear
area.
12) Calculate the axial force Nv acting on the section that corresponds to the longitudinal
stresses in the concrete layers within the effective shear area as follows:
NV = fc \b w d v - v xybw d v

cot e

(2.8a)

13) Calculate the total axial force as N = Nv + Nm. If this calculated axial force does not
agree with the given axial force N, estimate a new value of 6 and return to step 3).
14) Record the value of the shear stress vxy corresponding to the selected value of s\. The
resultant shear force V on the cross section corresponding to the selected s\ is then
calculated as vxybwdv.
The calculation steps described above involve iterations with respect to 6 and f sy. For
given values of M and N, a shear force (F)-principal tensile strain (£|) relationship can be
developed by gradually increasing e\ and using these steps to calculate the corresponding
values of the shear force V.

The maximum value of the shear force on the V-s\

relationship curve prior to reaching any of the three failure modes, i.e. slipping on the
crack surface as governed by Eq. (2.20a), concrete crushing as defined by f c2 equal to
fdmax, and yielding of the longitudinal reinforcement as governed by Eq. (2.21), is then
taken as the shear capacity. This shear capacity, together with the given M and N, forms
a particular point on the shear-moment-axial force interaction diagram for the RC beam
cross section. By fixing the axial force but varying the moment (or alternatively varying
the shear force-to-moment ratio), the shear-moment interaction diagram for a fixed axial
force can be obtained. For non-prestressed RC beams, the axial force is typically zero.

2.3.2

Examples of shear-moment interaction diagram

The analysis procedure described in Section 2.3.1 was implemented in Matlab (The
Math Works, 2010) and used to develop the shear-moment interaction diagrams
corresponding to zero axial force for representative RC beam cross sections.

A

symmetrically reinforced concrete beam cross section, which, for example, represents the
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cross section of a typical coupling beam in high-rise buildings, is shown in Fig. 2.9(a).
The concrete strength f c was assumed to equal 40 MPa, and the yield strengths of both
the longitudinal reinforcement and stirrups were assumed to equal 400 MPa, i .e .^ =fyy =
400 MPa. The shear-moment interaction diagram obtained for the cross section is shown
in Fig. 2.9(b). It was found that the iterations involved in the calculation steps described
in the previous section become difficult to converge if the applied moment is greater than
90% of the pure bending moment capacity of the cross section. To avoid this difficulty,
the interaction diagram between the pure moment capacity and 90% of the pure moment
capacity was approximated by a straight line that connects the shear capacity
corresponding to 90% of the pure moment capacity and zero shear corresponding to the
pure moment capacity.

This approximation was applied to all the shear-moment

interaction analyses involved in this study.
Also shown in Fig. 2.9(b) is the interaction diagram for the same cross-section obtained
using Response-2000. As mentioned in Section 2.3.1.1, Response-2000 is based on the
dual-section analysis approach; this means that the difference between the two interaction
diagrams can be attributed to the simplifying assumptions adopted in the procedure
implemented in the present study. Nevertheless, Figure 2.9(b) suggests that the two
interaction diagrams agree reasonably well. The interaction diagram obtained from the
procedure implemented in this study predicts a more conservative shear capacity
compared with that obtained from Response-2000 if the applied bending moment is
relatively large, but predicts a slightly higher shear capacity in the region where the
applied bending moment is relatively small. It is worth noting that the shear capacity is
practically independent of the applied bending moment for relatively small values of the
moment, as indicated by both interaction diagrams in Fig. 2.9(b). In this region, it was
observed that the dominating failure mode is the concrete crushing. In the region where
the shear capacity decreases noticeably with the increase of moment, the dominating
failure mode was found to be the longitudinal reinforcement yielding.
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(a) Schematic of the cross section

(b) Interaction diagram

Figure 2.9 Shear-moment interaction diagram for a symmetrically reinforced
concrete beam cross section
An asymmetrically reinforced concrete beam cross section is shown in Fig. 2.10(a) with
f c = 40 MPa and fyy =fyx = 400 MPa. With the bending moment applied to cause tension
at the bottom of the cross section, the corresponding shear-moment interaction diagrams
obtained using the procedure implemented in this study and Response-2000 are shown in
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Fig. 2.10(b).

The two interaction diagrams agree reasonably well, with the former

diagram generally predicting a lower shear capacity for a given applied moment. Both
interaction diagrams indicate that the shear capacity increases as the applied moment
increases, as long as the moment is relatively small. This is because high shear force and
low bending moment acting on the cross section causes both the top and bottom
reinforcements in tension. The asymmetrical reinforcement layout together with the low
bending moment therefore limits the magnitude of the tensile stress that can be developed
in the bottom reinforcement. This results in the total tensile force in the top and bottom
longitudinal reinforcements being relatively small. It then follows that the axial force Nm
(see Step 11) in Section 2.3.1.3) on the cross section is small (note that the concrete
contribution to Nm is insignificant), which consequently limits the maximum shear force
that can be resisted by the cross section (i.e. the sum of Nv and Nm must equal zero as
indicated in Step 13) in Section 2.3.1.3, with Nv being the axial compressive force in the
concrete caused by the shear). In this case, increasing the moment will increase Nm and
therefore lead to an increase in the shear capacity.

(a) Schematic of the cross section
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(b) Interaction diagram

Figure 2.10 Shear-moment interaction diagram for an asymmetrically reinforced
concrete beam cross section

2.4

Shear Design Methods in CSAA23.3-04

2.4.1

Design equations

For RC beams to which the plane section assumption applies (e.g. with clear span-tooverall depth ratio greater than or equal to 2 and without discontinuities), the current
edition of the Canadian concrete design code, CSA A23.3-04 (CSA, 2004), recommends
two shear design methods, namely the general method and the simplified method
(Clauses 11.3.6.4 and 11.3.6.3).

Both methods are based on the MCFT with a key

simplifying assumption that the inclination of the cracks in the concrete remains constant
over the cross-sectional depth of the beam and can be evaluated based on the longitudinal
strain at the mid-depth of the beam.
According to both the general and simplified methods, the factored shear resistance of a
non-prestressed RC beam cross section, Vr, is given by
Vr = vc +

< 0.25(PcK b wdv

(2.23)
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where fa = 0.65 is the resistance factor for concrete; bw is the minimum effective web
width; dv is the effective shear depth equal to max{0.72//, 0.9d) \ H is the cross-sectional
depth; d is the distance from the extreme compression fiber to the centroid of the
longitudinal tension reinforcement; the upper bound for Vr, i.e. 0 . 2 5 ^ 6 W£/V, is set to
ensure that the transverse reinforcement yields prior to the diagonal crushing of the web
concrete, and Vc and Vs are considered the portions of the factored shear resistance
contributed by concrete and transverse reinforcement (i.e. stirrups) respectively and
evaluated as follows:
Vc = 4>cX p J U K d v

(2.24)

Vs = $ sA v f v y ^ r 1

(2.25)

where <j>
s = 0.85 is the resistance factor for reinforcement; /. is a factor to account for lowdensity concrete; f vy is the yield strength of the transverse reinforcement, and Av is the
area of the transverse reinforcement perpendicular to the longitudinal axis of the beam
within the distance s, which is the spacing of the transverse reinforcement parallel to the
longitudinal axis of the beam. The two parameters, /? and 0, are related to the MCFT
formulations: ft is a factor accounting for the shear resistance of the cracked concrete,
whereas 6 is the angle of the principle compression in the beam with respect to the
longitudinal axis.
The main design equations involved in the general and simplified methods, as well as
some key design requirements common to both methods, are described in the following
and in Section 2.4.2.

It should be emphasized that it is not intended to provide a

comprehensive description of the shear design provisions in CSA 23.3-04. Instead, the
intention is to describe the shear design provisions that are directly related to the MCFT
and relevant to the RC beams considered in the reliability and statistical analyses
described in Chapters 3 and 4.

2.4.1.1

General method

According to the general shear design method, #and /? are determined by
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(2.26)

B = 29° + 7000sxm
P=

0 .4

1300

l+ 1 5 0 0 £ * m

lOOO+S^g

(2.27)

----------------- X ---------------

where sze is the equivalent crack spacing parameter and taken as 300 mm for sections
containing at least the minimum transverse reinforcement, and exm is the longitudinal
strain at the mid-depth of the cross section and can be computed using the following
equation for members not subjected to significant tensile forces:
exm

M f / d v +0.5Vf+0.5Nf

(2.28)

2As Es

where As is the area of the longitudinal reinforcement on the flexural tension side of the
cross section; Es is Young’s modulus of the reinforcement, and Mf, Vf and Nf are the
factored bending moment, shear force and axial force respectively. In this equation, Mf
and Vf are always taken as positive quantities while Nf is assumed to be negative for
compression and positive for tension.
Equation (2.28) is essentially based on the generally conservative assumption that sxm is
half of the longitudinal strain in the flexural tension reinforcement. Figure 2.11 shows a
section of an RC beam resisting Mf, Vf and Nf on the left side and the internal force
mechanism on the right side (Bentz and Collins, 2006).

C
V
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vcote
zL

------- --

T

Figure 2.11 Schematic of RC beam section
The equilibrium condition of the section shown in Fig. 2.11 results in the longitudinal
force in the flexural tension reinforcement T as follows:
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T = Mf / d v + 0.5Vf cot 9 + 0.5Nf

(2.29)

Equation (2.29) is further simplified in CSA 23.3-04 by considering 0.5VjcotO ~ V/(i.e.
0.5cotd ~ 1). Given T, sxm is then conservatively calculated as T/2ASES, which leads to
Eq. (2.28). CSA 23.3-04 further requires that Abused in Eq. (2.28) be no less than Vjdv.
This is because the top reinforcement could be in tension due to the combined Vf, Mf and
Nf if the actual factored moment is less than Vjdv, which implies that it is non
conservative to estimate exm as half of the longitudinal strain in the flexural tension
reinforcement. Therefore, to ensure that Eq. (2.28) results in a conservative estimate of
sxm, Mf is set to be no less than Vjdv in Eq. (2.28).
Note that CSA A23.3-04 does not explicitly employ the concept of the shear-momentaxial force interaction diagram in the shear design provisions for RC members, although
the MCFT provides a means to develop such interaction diagrams.

Instead, the

interaction between the flexural and shear resistances for a fixed axial force is implicitly
taken into account in the general method by using Eq. (2.28) to calculate exm. For
example, an increase in Mf leads to an increased exm, which results in a decrease in Vr for
a cross section with given longitudinal and transverse reinforcements.

2.4.1.2

Simplified method

In the simplified shear design method of CSA A23.3-04, the angle 9 is taken as 35
degrees and the parameter fi is taken as 0.18 for RC cross sections containing at least the
minimum transverse reinforcement.
The simplified method is not permitted for RC members subjected to significant axial
tension. Furthermore, the yield strength of the longitudinal reinforcement and specified
concrete compressive strength cannot exceed 400 MPa and 60 MPa respectively in this
simplified method.

2.4.2

Additional design requirements

In CSA A23.3-04, the critical section for shear design is located at a distance dv from the
face of the support by assuming that loads applied in regions less than dv from the face of
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the support are carried to the support by the strut action (Clause 11.3.2). This implies
that the shear reinforcement determined for the section dv from the support can be applied
to the sections less than dv from the support.
For both the general and simplified methods, the design equations are based on the
consideration that a flexural failure (i.e. yielding of the longitudinal reinforcement) is not
expected to occur before a shear failure (i.e. slipping on the crack surface or concrete
crushing) (Bentz and Collins, 2006). To ensure this, the following equation must be
checked (Clause 11.3.9.2):
Flt > Mf / d v + 0.5Nf + (Vf - 0.5FS) cot 9

(2.30)

where Fu is the factored tensile resistance that can be developed in the longitudinal
reinforcement on the flexural tension side of the critical section. CSA A 23.3-04 further
specifies that the area of the longitudinal reinforcement required to satisfy Eq. (2.30)
needs not exceed that required to resist the maximum factored bending moment acting
alone in situations where the critical shear section is near the location of the maximum
moment.

This is based on the consideration that the fanning effect of the diagonal

compressive stresses at the maximum moment location reduces the tension in the
longitudinal reinforcement caused by shear.
At critical sections where M /dv is less than the sum of Nf and {Vf - 0.5Vs)cotd, the
longitudinal reinforcement on the flexural compression side of the section could be in
tension in reality. Therefore, the factored tensile resistance of this reinforcement should
be proportioned as follows (Clause 11.3.9.3):
Flc > 0.SNf + {Vf - 0.5FS) cot 9 - Mf / d v

(2.31)

where Fjc is the factored tensile resistance that could be developed in the reinforcement
on the flexural compression side of the critical section.
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2.5

Summary

The fundamentals of the MCFT, which include the equilibrium and compatibility
conditions, stress-strain relationships for the reinforcement and cracked concrete, and
local crack checks, were reviewed. A simple approach to carry out crack checks for RC
cross sections subjected to combined shear and bending was proposed given a lack of
relevant information in the literature. A detailed procedure for evaluating the shearmoment-axial force interaction diagram of an RC cross section was presented.

The

procedure is based on the fundamentals of the MCFT, but includes two key simplifying
assumptions, namely constant shear flow and inclination angle of the principal
compressive stress in the concrete over the effective shear area.

This procedure is

computationally efficient and suitable to incorporate in the reliability analysis.
The procedure was implemented and used to predict the shear-moment interaction
diagrams (with zero axial force) for two representative RC cross sections, one
symmetrically reinforced and the other asymmetrically reinforced.

The predicted

interaction diagrams were compared with those obtained using Response-2000, the
benchmark program for predicting the response of RC cross sections using the MCFT.
The comparison indicates that the interaction diagrams predicted using the procedure
implemented in this study agree reasonably well with and are in general more
conservative than those predicted using Response-2000.

It was observed from the

predicted interaction diagrams that the shear capacity is independent of the bending
moment if the moment is relatively small for the symmetrically reinforced cross sections,
and increases with the bending moment in the region where the moment is relatively
small for the asymmetrically reinforced cross sections.
Finally, the two MCFT-based shear design methods, i.e. the general and simplified
methods, specified in the current Canadian concrete design code, CSA A23.3-04, were
reviewed. The corresponding design equations, location of the critical section for shear
design, as well as a number of important design requirements with respect to the
quantities of the longitudinal reinforcement were discussed in this chapter.
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C hapter 3

Reliability and Statistical Analyses of RC
Coupling Beams

3.1

Introduction

The methodologies employed to carry out the time-independent reliability analysis of RC
beam cross sections subjected to combined bending moments and shear forces as well as
the analysis results are described in this chapter. The cross sections of coupling beams in
high-rise RC coupled shear wall structures (a schematic illustration is shown in Fig. 3.1),
for which the bending moments and shear forces mainly result from the lateral load (i.e.
wind or seismic load), were considered in the analysis. The RC coupling beams were
designed per the flexural and shear design requirements specified in CSA A23.3-04.

Figure 3.1 Schematic of coupling beams in a high-rise RC coupled shear wall
structure
The first-order reliability method (FORM) was employed to evaluate the reliability
indices for the critical sections subjected to shear and bending in the RC coupling beams
based on the statistics of the coupled shear-moment resistance and load effects. The
MCFT was implemented to evaluate the shear-moment interaction diagrams for the
critical sections in the coupling beams. The statistics of the shear-moment resistance as
obtained from the interaction diagram at the critical section were evaluated by
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considering the basic geometry (e.g. stirrup spacing and reinforcement area) and material
properties (e.g. concrete compressive strength and reinforcement yield strength) as
random variables.
The bias factor associated with the shear-moment resistance was introduced to facilitate
the calibration process with respect to the limit state corresponding to combined shear
and bending by eliminating the need to implement the MCFT. Details of the reliability
and statistical analyses are described in the following sections.

3.2

Limit State Function

The shear-moment interaction diagram calculated using the MCFT for a given RC cross
section is schematically shown in Fig. 3.2. Also shown in the figure is a point (A) that
represents the applied bending moment and shear force, mi and v/, on the cross section.
The cross section is considered safe if point (A) stays within the interaction diagram, and
unsafe if the point is outside the interaction diagram. For simplicity, m/ and v/ were
assumed to be characterized by time-independent random variables as opposed to timedependent stochastic processes in this study. This implies that the loading history is not
considered in the reliability analysis. The limit state function, g, is therefore:
g = ^ m r 2 + vr2 - yjmn2 + v x2

(3.1)

where mr and vr are the flexural and shear resistances corresponding to the point (B) that
is the intersection between the extension of line OA and the shear-moment interaction
diagram as shown in Fig. 3.2; therefore, vrlmr = v//mr, £ is the model error associated with
the interaction diagram calculated using the MCFT, which is defined as the actual
resistance divided by the resistance predicted using the MCFT model. Equation (3.1)
implies a shortest load path from point (A) to the failure region. A similar limit state
function has been adopted by Hong and Zhou (1999) to evaluate the reliability of RC
columns subjected to combined time-independent bending moments and axial forces.
Furthermore, Turan et al. (2008) defined the distance from the origin to a given point on
the shear-moment interaction diagram as the coupled shear-moment resistance (i.e. the
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first term on the right hand side of Eq. (3.1)) and carried out statistical analysis of the
shear-moment resistance.

Figure 3.2 Schematic of limit state function for combined shear and moment

3.3

Critical Section

To carry out the reliability analysis of an RC beam considering shear-moment interaction,
the critical section for the combined bending moment and shear force needs to be
determined. Although the shear force typically reaches its maximum value at the face of
the support, this section is not an appropriate choice for the critical section. This is
because the load near the face of the support is carried to the support by the strut action,
which does not involve the transverse reinforcement in the load transfer (Gregor, 1989).
CSA A23.3-04 (CSA, 2004) specifies the section dv from the face of the support as the
critical section for shear design, where dv is defined as the maximum value of 0.9d and
0.72H with d being the nominal distance between the centroid of longitudinal tension
reinforcement and extreme compression fiber, and H being the nominal cross-sectional
depth. The location of the critical section specified in A23.3-04 was adopted in this
study. It must be emphasized that the uncertainty in the location of the critical section
(e.g. due to the uncertainty in dy) was not considered in the present study. In other words,
the reliability index evaluated in the analysis is associated with a single fixed cross
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section for a given RC beam.

This is considered acceptable given that the selected

critical section is consistent with the requirement of the current design code.

3.4
3.4.1

Reliability Analysis Procedure
Basic assumptions

The following basic assumptions were adopted in carrying out the reliability analysis for
RC coupling beams in high-rise buildings:
1) Because typical RC coupling beams in high-rise buildings are relatively short (e.g. in
the order of a few meters) and highly stressed under the lateral load, the moments and
shear forces caused by the lateral load are much larger than those caused by the dead and
live loads. Therefore, the dead and live loads are ignored in the analysis.
2) The wind load as opposed to the earthquake load is considered as the governing lateral
load for the coupling beam design. This is the case for typical RC high-rise buildings
located in low-seismicity regions of Canada (e.g. Toronto).
3) The factored load effects equal the factored resistances in the design according to CSA
A23.3-04; that is, the factored bending moment equals the factored flexural resistance at
the critical section for bending and the factored shear force equals the factored shear
resistance at the critical section for shear.
4) The coupling beam has a rectangular cross section and is conventionally reinforced (as
opposed to, say, diagonally reinforced), including both the longitudinal reinforcement
and stirrups. The contribution of the floor slab to the beam cross section is ignored. The
same amount of longitudinal reinforcement is placed at the top and bottom of the
coupling beam throughout its span length because the lateral load can act in opposite
directions; stirrups are placed perpendicular to the longitudinal direction of the beam with
the area and spacing of the stirrups being the same throughout the span of the beam. This
is consistent with the typical design and construction practice for coupling beams in RC
high-rise buildings.
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3.4.2

Design

A schematic of the RC coupling beam cross section considered in the reliability analysis
is shown in Fig. 3.3. The cross-sectional dimensions were selected to be bw = 350 mm
and H = 600 mm. Three values of the specified concrete strength (fc) were considered,
namely 30, 40 and 50 MPa.

The specified yield strengths (fy and f vy) for both the

longitudinal and transverse reinforcements were assumed to be 400 MPa.

To avoid

carrying out structural analysis of the entire high-rise building to determine the load
effects acting on the coupling beam, the longitudinal reinforcement in the beam was also
pre-determined.

To this end, three nominal longitudinal reinforcement areas were

assumed, namely 2000 mm 2 (4-25M), 3000 mm2 (6-25M) and 4000 mm2 (8-25M) placed
at both the top and bottom of the cross section.

They correspond to the nominal

longitudinal reinforcement ratios (pi) of 0.95%, 1.43% and 1.90%, respectively. The
reinforcement ratio is calculated as the area of the longitudinal reinforcement at either the
top or bottom of the cross section divided by the cross-sectional area (i.e. bwH). Finally,
the ratio between the clear span (/) of the beam and its cross-sectional depth was assumed
to be 2, 3, 4 or 5. Note that the l/H ratio is directly related to the shear force-to-bending
moment ratio at the critical section, i.e. the load path. A large l/H ratio corresponds to a
low shear force-to-bending moment ratio and vice versa. By combining different values
t

of f c, pi and l/H, a set of design cases for the coupling beam was developed and is
summarized in Table 3.1.
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Figure 3.3 Schematic of RC coupling beam cross section
The procedure to determine the factored load effects and stirrups for a given design case
is as follows. Given the longitudinal reinforcement ratios, the factored flexural resistance
of the beam, Mrm, can be calculated using the flexural design provisions specified in CSA
A23.3-04 (see Appendix A). According to Assumption 3) in Section 3.4.1, Mrm equals
the factored bending moment, Mfm, at the face of the support, which is the critical section
for bending.

Based on Assumptions 1), the factored shear force, V on the beam is

constant over its entire span. Figure 3.4 shows the bending moment and shear force
diagrams for the coupling beam. Given the clear span of the beam (calculated from the
cross-sectional depth and assumed span-to-depth ratio), Vf = Mmj/(l/2).

The critical

section for shear is subsequently determined, i.e. dv from the face of the support with dv
equal to max{0.9r/, 0.72H). The factored bending moment and shear force at this critical
section (i.e. Mf = Vf (1/2 - dv) and Vj) are then used to determine the transverse
reinforcement such that Vr = Vf using both the general and simplified methods specified
in CSA A23.3-04 and also described in Section 2.4.
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RC coupling beam

Shear

Figure 3.4 Moment and shear force diagrams for the coupling beam
By using two or four-legged 10M stirrups (i.e. the nominal area of the stirrups within the
stirrup spacing equal to 200 or 400 mm2) for all the design cases, the stirrup spacing (s)
obtained from the general and simplified methods for the design cases is summarized in
Table 3.1. It should be noted that the stirrup spacing for some of the design cases is
governed by the minimum transverse reinforcement requirement specified in CSA A23.304; in other words, Vr > Vf for these cases. These design cases were not included in the
reliability analysis because Assumption 3) in Section 3.4.1 is not satisfied. Moreover, for
some design cases the factored shear forces Vf are larger than the maximum factored
shear resistances (i.e. 0.25<j>,fcbwdv) permitted by CSA A23.3-04.

These cases were

excluded from the reliability analysis as well. The remaining design cases, referred to as
the admissible cases, were included in the reliability analysis. Table 3.1 shows that the
stirrup spacing resulting from the general method is less than or equal to that resulting
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from the simplified method for all the admissible cases. This suggests that the former
method is more stringent than the latter for the coupling beam examples considered in
this study.

C ase
N o.

l/H

fc
(M P a)

p i (%)

dv
(m m )

s (m m )
l/f (kN)

Mf{ kN m )

G en era l

S im p lified

m e th o d

m eth o d

2

30

0 .9 5

493

573

61

80

100

2

30

1 .4 3

475

819

103

--

-

3a

2

30

1 .9 0

466

1043

140

--

-

4

3

30

0 .9 5

493

382

156

165

175

5

3

30

1 .4 3

475

546

232

100

105

6

3

30

1 .9 0

466

696

302

75

75

7

4

30

0 .9 5

493

286

203

265

270

8

4

30

1 .4 3

475

410

297

150

150

9

4

30

1 .9 0

466

522

383

105

105

10

5

30

0 .9 5

493

229

231

345b

345b

11

5

30

1 .4 3

475

328

336

205

205

12

5

30

1 .9 0

466

417

432

145

145

13

2

40

0 .9 5

493

577

62

85

105

14

2

40

1 .4 3

475

829

104

55

65

15

2

40

1 .9 0

466

1057

142

80c

95c

16

3

40

0 .9 5

493

385

157

170

185

17

3

40

1 .4 3

475

553

235

100

105

18

3

40

1 .9 0

466

704

306

75

75

19

4

40

0 .9 5

493

289

204

285

295

20

4

40

1 .4 3

475

415

301

155

155

21

4

40

1 .9 0

466

528

388

110

110

22

5

40

0 .9 5

493

231

233

345b

345b

23

5

40

1 .4 3

475

332

340

215

220

24

5

40

1 .9 0

466

423

437

145

150

25

2

50

0 .9 5

493

581

62

85

110

26

2

50

1 .4 3

475

838

105

55

65

27

2

50

1 .9 0

466

1069

143

00
o r>

1
2a

95c

28

3

50

0 .9 5

493

387

158

180

195

29

3

50

1 .4 3

475

559

238

105

110

30

3

50

1 .9 0

466

712

309

75

75

31

4

50

0 .9 5

493

291

206

305

320

32

4

50

1 .4 3

475

419

304

160

160

39

33

4

50

1 .9 0

466

534

392

110

110

34

5

50

0 .9 5

493

232

234

345b

345b

35

5

50

1 .4 3

475

335

344

225

230

36

5

50

1 .9 0

466

427

442

150

155

a. F or C a se s 2 an d 3 ,

Vf is

larger than th e m a x im u m p e r m is s ib le fa c to r e d sh ea r r e s is ta n c e o f th e c r o ss

s e c t io n as s p e c ifie d in C S A A 2 3 .4 - 0 4 .
b. F o r C a se s 10, 2 2 an d 3 4 , th e stirrup sp a c in g is g o v e r n e d by th e m a x im u m s p a c in g req u ir e m e n t per
C S A A 2 3 .4 - 0 4 .
c. F o r C a s e s 15 an d 2 7 , th e stirrups are fo u r -le g g e d 10M b ars.

F or all th e o th e r d e s ig n c a s e s

e x c lu d in g c a s e s 2 and 3 , th e stirru p s are t w o -le g g e d 10M bars.

Table 3.1 RC coupling beam design

3.4.3
3.4.3.1

Statistics of input parameters
Resistance

The parameters involved in the computation of the coupled shear-moment resistance
using the MCFT can be categorized into 1) material properties, 2) geometric dimensions
and 3) model error. The probabilistic characteristics of these parameters are described in
the following.
The material property parameters include the concrete compressive strength Fc, yield
strengths of the longitudinal reinforcement and stirrups, Fy and F^, and Young’s modulus
of the reinforcement Es. The probabilistic characteristics of these parameters have been
reported extensively in the literature. The concrete strength is usually assumed to follow
a normal distribution with the mean-to-nominal ratio (i.e. bias factor) and coefficient of
variation (COV) ranging from 0.77 to 0.92 and 14 to 18%, respectively (e.g. MacGregor
et al., 1983; Mirza and Skrabek, 1991). In this study, Fc' was assumed to be a normal
variate with a bias factor of 0.85 and COV of 18%. The lognormal distribution is often
used to characterize the steel yield strength with the bias and COV ranging from 1.0 to
1.13 and 9 to 12% respectively (e.g. Nowak et al., 1994; MacGregor et al., 1983; Desayi
and Rao, 1989). In this study, Fy and Fvy were assumed to be independent but identically
distributed lognormal variates with the bias of 1.12 and COV of 10%. Finally, Young’s
modulus can be characterized by a normal distribution with typical values of the bias and
COV being 1.00 and 3%, respectively (Mirza and Skrabek, 1991).
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The basic geometry parameters considered in the analysis include the cross-sectional
dimensions bw and H, area of the longitudinal reinforcement As, area of the stirrups within
the stirrup spacing Av, stirrup spacing s, distance between the centroid of the longitudinal
tension reinforcement and extreme compression fiber d and maximum aggregate size a.
The uncertainty in bw and H is usually negligible (MacGregor et al., 1983; Lu et al.,
1994); therefore, they were assumed to be deterministic variables in this study. Because
the top and bottom reinforcement are identical based on Assumption 4) in Section 3.4.1, a
single parameter As was used to define the area of either the top or bottom reinforcement,
and a single parameter d was used to define the position of the top or bottom
reinforcement.
Based on the information in the literature (e.g. Israel et al., 1987; Turan et al., 2008;
Desayi and Rao, 1989), As and d were characterized by normal variates with the bias of
1.00 and COV of 3%, and Av was assumed to follow a normal distribution with a bias of
1.00 and COV of 2%. Given d and H, the flexural lever arm dv employed in the MCFT
was calculated as dv = 2d - H, i.e. distance between the centroids of the top and bottom
reinforcements (different from the definition of the effective shear depth specified in
CSA A23.3-04 as max{0.9r/, 0.72//}).
Turan et al. (2008) suggested that the stirrup spacing s follows a normal distribution with
a bias of 1.00 and COV of 10% based on field measurements.

There is a lack of

information in the literature concerning the statistics of the maximum aggregate size a. A
deterministic value of a = 20 mm was therefore assumed in the reliability analysis.
Sensitivity analysis was subsequently carried out to investigate the impact on the
reliability due to different assumptions about the probabilistic characteristics of the
aggregate size.
The model uncertainty associated with the MCFT has been investigated in the past.
Vecchio (1981) indicated that the ratio of the test to predicted shear resistance under the
pure shear condition had a mean value of 1.01 and a COV of 10% based on
approximately 30 tests carried out at University of Toronto. Gregor (1989) analyzed
approximately 30 partially prestressed concrete bridge girders that had been previously
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tested under combined shear and bending using an approach that was very similar to the
analysis procedure described in Section 2.3.1.3. He reported that the mean and COV of
the ratios between the test and predicted failure loads were 1.03 and 11% for the girders
undergoing the shear failure mode (i.e. concrete crushing or stirrups slipping). For those
girders undergoing the flexural failure mode (i.e. longitudinal reinforcement yielding),
the mean and COV of the test-to-predicted failure load ratio were 1.02 and 11.5%
respectively. Bentz (2000) compared the shear capacities predicted using Response-2000
with the corresponding test capacities for 534 specimens subjected to combined shear and
bending tested at University of Toronto and elsewhere, and suggested that the test-topredicted shear capacity ratio had a mean of 1.05 and COV of 12%. Neither Gregor nor
Bentz, however, clearly indicated whether the test-to-predicted ratio was calculated for
the shear resistance given fixed bending moment or the shear resistance given fixed
shear-to-moment ratio. Somo and Hong (2006) carried out an extensive study to evaluate
the model errors associated with Response-2000 and other shear capacity prediction
methods for RC beams, and suggested that the test-to-predicted ratio associated with
Response-2000 could be characterized by a lognormal variate with a mean of 1.10 and
COV of 23% for RC beams containing stirrups and the shear span-to-depth ratios no less
than two.
In this study, a normal distribution was assigned to the model error (denoted by £) with
the corresponding mean and COV equal to 1.05 and 12% respectively, which are the
same as those of the model error associated with Response-2000 suggested by Bentz
(2000). This is mainly based on the observation that the interaction diagrams predicted
by the procedure implemented in this study agree reasonably well with those predicted by
Response-2000 (see Section 2.3.2). Furthermore, the mean and COV of the model error
reported by Bentz (2000) appear to be consistent with those suggested by others except
Somo and Hong (2006).
The model error associated with the pure bending moment capacity, m

(i.e. the

intersection between the interaction diagram and moment axis) is different from the
model error for the MCFT. For example, typical values of the mean and COV of the
model error for mb have been reported to be 1.00 and 3.5% respectively in the literature
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(e.g. Mirza and MacGregor, 1982; Scollard and Bartlett, 2004). This suggests that £ will
gradually transit from the model error associated with the MCFT to that associated with
mb if the moment is close to mb. Such a transition should ideally be accounted for in the
characterization of £ However, the RC beam cross sections considered in this study are
all subjected to relatively large shear forces and small bending moments; therefore, the
transition in the model error was ignored.

3.4.3.2

Load effects

Based on Assumptions 1) and 2) in Section 3.4.1, the applied moment and shear force at
the critical section are caused by the wind load only; therefore, the statistics of the wind
load effects are needed in the reliability analysis.

Let Mi and V/ denote the applied

moment and shear force on the critical section respectively. Mi and V/ were considered to
be time-independent random variables representing the maximum wind load effects over
the design life of the structure. A typical design life of 50 years was assumed for the RC
coupling beams (i.e. normal importance category) according to the current edition of the
National Building Code of Canada (NBCC, 2005) (NRC, 2005).
Based on the shear force and bending moment diagrams shown in Fig. 3.4, the value of
Mi is fully defined given the location of the critical section and value of V/. Therefore,
only V/ was considered as an independent random variable.

It is assumed that the

probabilistic characteristics of V/ are the same as those of the 50-year maximum wind
pressure, p w5o, which can be calculated from the wind velocity as follows:
Pwso = C x ~pV£ 50

(3.2)

where Vwso is the 50-year maximum wind velocity; p is the air density and typically
assumed to be a deterministic quantity, and C is a time-independent transformation factor
that transforms the wind velocity to wind pressure by accounting for the exposure, gust
and pressure coefficients (Bartlett et al., 2003a). In this study, Vwso was assumed to be a
Gumbel variate with a bias factor of 1.05 and a COV of 10% based on the wind velocity
statistics summarized by Bartlett et al. (2003a).

The transformation factor was

characterized by a lognormal variate with a bias of 0.68 and a COV of 22% (Bartlett et
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al., 2003a). The Taylor series expansion method was then employed to evaluate the bias
and COV of p wso (see Appendix B). The results show that p w50 has a bias of 0.75 and a
COV of 30%. Finally, p wi0 was assumed to follow a Gumbel distribution (Ellingwood et
al., 1980). The nominal value of the shear force can be calculated as the factored shear
force divided by the load factor (i.e. 1.4) for the wind load according to NBCC 2005
(NRC, 2005). The probabilistic characteristics of all the input parameters used in the
reliability analysis of the RC coupling beams are summarized in Table 3.2.
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P a r a m e te r

bw(m m )
H (m m )

N o m in a l

P ro b a b ility

v a lu e

d is tr ib u tio n

350
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COV(% )
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1 .0

N/A
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N/A
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N orm al

1 .0 0

2

T uran e t al. (2 0 0 8 )

N orm al

1 .0 0

10

Source

M a c G r e g o r e t al. (1 9 8 3 )

o (m m )

1200
1800

/ (m m )

2400

A ssu m ed

3000

Fc (M P a)
Fy (M P a)
Fvy(M P a)
Es(M P a)

N o w a k e t al. (1 9 9 4 )
2000

As(m m 2)

3000
4000
200

Av(m m 2)

400

s (m m )

V a ries

T uran e t al. (2 0 0 8 )

5 4 8 (4 -2 5 M )

d (m m )

5 2 8 (6 -2 5 M )

N orm al

1 .0 0

3

D esa y i a n d R ao (1 9 8 9 )

5 1 8 (8 -2 5 M )

v ,m

V a ries

G u m b el

0 .7 5

30

z

N/A

N orm al

1 .0 5

12

B a rtlett e t al. (2 0 0 3 a )
E llin g w o o d e t al. (1 9 8 0 )
B en tz (2 0 0 0 )

Table 3.2 Statistics of input parameters for reliability analysis of RC coupling
beams

3.4.4

Analysis approach

Given the limit state function defined in Eq. (3.1), the failure probability, Pf, can be
calculated as follows:
Pf = i nff x ( x ) d x

(3.3)

where fx(x) is the joint probability density function of the vector of random variables, X,
involved in the limit state function, and the integral is carried out over the failure domain
Q/, i.e. g < 0. The first-order reliability method (FORM) (Melchers, 1999; Low and Tang,
2004, 2007) can be used to approximately calculate Pf as:
Pf ~ <£(-/?)

(3.4)
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where ft is the reliability index, and <£(•) is the standard normal probability function of •.
The reliability index is obtained by solving a constrained optimization problem (Low and
Tang, 2007) as follows:

P = minxei2f

(3.5)

where [7?] is the correlation matrix associated with X, and n denotes a vector of standard
normal variates and has the same dimension as X. The f h component of n, rij, is related to
the realization of the i h component of X, x„ through the following equation:
x i = F -1(<P(nd)

(3.6)

where F f1^ ) denotes the inverse probability distribution function of •. Equation (3.5)
can be interpreted as seeking an equivalent normal dispersion hyper-ellipsoid that just
touches the limit state surface in the space of X (Low and Tang, 2007). All the random
variables were assumed to be independent of each other in this study; therefore, the
correlation matrix [/?] is a diagonal matrix with the diagonal terms equal to unity.
An attempt was first made to directly incorporate the MCFT in the FORM to calculate
the reliability index. Due to the iterative nature of the MCFT and FORM calculations,
however, numerical difficulty was encountered in the analysis. For example, for several
design cases, convergence of the FORM iteration was found to be very sensitive to the
initial value of s\ assumed in the MCFT calculation. For a number of design cases,
convergence could not be achieved in the FORM iteration. The numerical difficulty can
be avoided by directly incorporating the MCFT in the simple Monte-Carlo simulation, i.e.
carrying out a sufficient number of Monte-Carlo simulation trials to evaluate Eq. (3.1)
(and hence the failure probability) with mr and vr obtained from the MCFT in each trial.
However, this approach is highly time-consuming due to the iterative analysis involved in
the MCFT. For example, it takes approximately five hours to carry out 1,000 simulation
trials on a desktop computer with a 2.50 GHz-clock-frequency processor. Given that the
reliability indices for a large number of design cases (see Table 3.1) need to be evaluated,
the simple simulation approach was considered too time-consuming to be suitable for the
present study.
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To overcome the numerical difficulty while achieving a reasonable level of
computational efficiency, the coupled shear-moment resistance was introduced as an
input parameter in the FORM; that is
R = Z jv ? + m 2

(3.7)

The limit state function was then redefined as
g = R - yjm.12 + Vi2

(3.8)

The probabilistic characteristics of the coupled shear-moment resistance (R) were
obtained first by combining the MCFT and Monte-Carlo simulation based on the
statistics of the parameters corresponding to the geometry and material properties of the
coupling beam as well as the model error as described Section 3.4.3.1. The statistics of R
were then employed in the FORM to calculate the reliability index.

Based on the

assumptions that the location of the critical section is fixed and only the wind load effects
are considered in the reliability analysis, the statistics of R only need to be determined for
a fixed load path, i.e. vilmi = V/Mf, for a given design case.
The above-described approach was first applied to four representative cases designed
using the general method to select the number of simulation trials suitable for
determining the statistics of R. The four design cases, namely Cases 14, 17, 20 and 23 as
shown in Table 3.1, have the same f c (40 MPa) and pi (1.43%) but different ////values
(.l / H - 2, 3, 4 and 5). Figures 3.5 show 2000 samples o f R that are obtained from the
Monte-Carlo simulation and plotted on the normal probability paper for the four design
cases. These figures suggest that the normal distribution fits the samples reasonably well.
Therefore, it was assumed that R follows the normal distribution with the corresponding
mean and COV equal to those of the fitted distribution respectively. It was observed that
although the mean value of R varies for different cases, the COV of R is almost constant
at approximately 16%.
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(P-'CFW)

(a) Case 14

O '(FW )

(b) Case 17

48

(c) Case 20

S h e a r - m o m e n t r e s i s t a n c e ( R)

(d) Case 23
Figure 3.5 Samples of R generated from 2000 simulation trials plotted on the
normal probability paper for four representative RC coupling beam design cases
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Given the statistics of R, the reliability indices for Cases 14, 17, 20 and 23 were obtained
using the FORM and are shown in Table 3.3. Also shown in the table are the reliability
indices corresponding to the failure probabilities of the same cases evaluated by directly
incorporating the MCFT in the Monte-Carlo simulation, with the number of simulation
trials being 50,000 for each design case. The results shown in Table 3.3 suggest that the
P values obtained from the FORM based on the statistics of R agree well with those
obtained from the direct simulation approach: the ft values obtained using the former
approach are slightly more conservative than those obtained using the latter approach.
This can be partly attributed to the fact that the fitted distributions as shown in Figs. 3.5
are more conservative than those corresponding to the 2000 simulated samples at the
lower tail. Based on the results, the /? values for all the other admissible design cases
were evaluated by first developing the statistics of R based on 2000 simulation samples
and then using the statistics of R and the load effects in the FORM.

C ase
N o.

M o n te -C a r lo

FORM an d
s ta tis tic s o f

14

2 .9 8

R

sim u la tio n
a n d MCFT
3 .0 1

17

2 .8 3

2 .9 5

20

2 .7 4

2 .8 3

23

2 .6 9

2 .7 6

Table 3.3 Comparison of reliability indices obtained from the FORM and MonteCarlo simulation for four representative design cases

3.4.5
3.4.5.1

Analysis results
General method

The reliability indices, ft, for all the admissible design cases that are shown in Table 3.1
and designed using the general method are depicted in Figs. 3.6(a) through (f). As shown
in the figures, the /? values are generally between 2.7 and 3.2. If a target reliability index
of 3.0 for a 50-year design life is considered (Bartlett et al., 2003b), these results suggest
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that the reliability level of the combined shear-moment limit state as implied by
application of the general shear design method specified in CSA A23.3-04 is in general
consistent with the target reliability level.
In Figs. 3.6(a) through (c), fi is plotted versus the span-to-depth ratio, ////, for different
values of the nominal concrete strength (fc) and longitudinal reinforcement ratio {pi). For
given values of pi and f c, Figures 3.6(a) through (c) indicate that in general /? tends to
increase as l/H decreases. As shown in Table 3.1, the factored shear force associated
with the RC coupling beam increases as l/H decreases. Therefore, the trend in /? suggests
that the shear design requirement specified in CSA A23.3-04 is more conservative than
the flexural design requirement. However, ft decreases as l!H decreases from 4 to 3 with
pi = 1.90% and f c = 30 MPa as shown in Fig. 3.6(c); ft also decreases as l/H decreases
from 3 to 2 with pi = 1.90% and f c = 40 MPa as shown in the same figure. Furthermore,
the /? values for the two design cases corresponding to pi = 1.90% ,fc = 30 MPa and l!H =
3 (Case 6) as well as pi = 1.90%, f c = 40 MPa and l/H = 2 (Case 15) are the lowest
(approximately 2.7) of the /? values for all the admissible design cases designed per the
general method. In the Monte-Carlo simulation for evaluating the statistics of R for these
two design cases, it was observed that the dominant failure mode of the critical sections
predicted by the MCFT is the concrete crushing as opposed to the longitudinal
reinforcement yielding for the other design cases. Therefore, it can be inferred that the
coupling beams designed per the general method in CSA A23.3-04 with a relatively low
to moderate concrete strength (e.g,f c = 30 or 40 MPa), a high longitudinal reinforcement
ratio (e.g. pi = 1.90%) and a relatively low l/H ratio (e.g. l!H = 2 or 3) (i.e. high shear
force-to-bending moment ratio at the critical section) tend to fail by concrete crushing at
the ultimate limit state corresponding to combined shear and bending, and have relatively
low reliability levels.
For pi = 0.95 and 1.43%, Figures 3.6(a) and (b) indicate that for a given value of l/H, the
P values associated with different f c are in most cases very similar. The ft value for Case
14 with pi = 1.43%, l/H = 2 and f c = 40 MPa is noticeably lower than that for Case 26
with pi = 1.43%, l/H = 2 and f c = 50 MPa. This can also be explained from the failure
mode perspective as well. The statistics of R for Case 14 were found to be markedly
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impacted but not dominated by the failure mode corresponding to concrete crushing.
Therefore, the reliability o f this design case is lower than that of the design case with the
same ////and p/ values but a higher f c (50 MPa). Figure 3.6(c) shows that for pi = 1.90%
and a given value of ////, the /? values associated with different f c are also very similar
except for Cases 6 and 15. The relatively low ft values corresponding to these two cases
are due to the dominant failure mode of the critical sections being concrete crushing, as
described in the previous paragraph.
Figures 3.6(d) through (f) are generated to show the impact of the longitudinal
reinforcement ratio on the calculated reliability. Each of these three figures corresponds
to a given value off c (i.e. 30, 40 or 50 MPa), whereas each line in the figures corresponds
to a given value ofp/ (i.e. 0.95, 1.43 or 1.90%). As shown in Fig. 3.6(d), forf c = 30 MPa
and a given value of ////, the /? values associated with different p/ are similar except for
Case 6 (//// = 3 and pi = 1.90%). Figures 3.6(e) and (f) indicate that for f c = 40 or 50
MPa, the p values associated with different p/ vary within a narrow range for given values
of ////, as long as IIH is greater than or equal to 3. For ////= 2 and a given value off c (40
or 50 MPa), p decreases as pi increases. This can be explained by that the failure mode of
the critical section is being more and more influenced by concrete crushing as p/ increases.

(a) pi = 0.95%
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(b) pi = 1.43%

(c) p, = 1.90%

(d) f c = 30 MPa

53

l/H

(e) fc = 40 MPa

(f)fc = 50 MPa
Figure 3.6 Reliability of RC coupling beams designed per the general method

3.4.5.2

Simplified method

The p values for all the admissible design cases that are shown in Table 3.1 and designed
using the simplified method are depicted in Figs. 3.7(a) through (f), which are arranged
similarly as Figs. 3.6. As shown in Figs. 3.7, the P values are between 2.5 and 2.9 and
therefore somewhat lower than the target reliability index of 3.0 considered for the limit
state.
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The trend in the /? values shown in Fig. 3.7(a) is similar to that shown in Fig. 3.6(a); that
is, p increases as l/H decreases for given pi and f c. In Fig. 3.7(b), this trend is generally
valid except that the /? value for Case 14 (pt = 1.43%, IIH= 2 and f c = 40 MPa) is lower
than that for the case with the same pi and f c but l/H = 3. This is because the failure of
the critical section for Case 14 predicted by the MCFT was observed to be largely
influenced by concrete crushing based on the simulation results. When />/ = 1.90%, the
dominant failure mode of the critical sections is concrete crushing for Case 6 (l/H= 3 and
f c' = 30 MPa) and Case 15 (l!H = 2 and f = 40 MPa); for Case 27 (l/H = 2 and/c' = 50
MPa), the failure of the critical section is dominated by concrete crushing and stirrup
slipping with approximately equal contribution from the two failure modes. Therefore,
the p values for these three design cases are markedly lower than those for the other cases
as shown in Fig. 3.7(c).

This suggests that the coupling beams designed per the

simplified method in CSA A23.3-04 with a high reinforcement ratio (e.g. 1.90%) and low
l/H ratio (e.g. 2) is susceptible to the concrete crushing failure at the critical sections for
shear design, even if the concrete strength is relatively high (e.g ,f c = 50 MPa).
Figures 3.6(d) through (f) show the impact of the longitudinal reinforcement ratio on the
calculated reliability. Figure 3.6(d) indicates that for f c = 30 MPa and a given value of
l/H, the p values associated with different pi are similar except for Case 6 where l/H = 3
and pi = 1.90%. Figure 3.6(e) shows that for f c = 40 MPa, the P values associated with
different pi vary within a relatively narrow range for a given value of UH as long as l/H is
greater than or equal to 3. For UH = 2, /? decreases markedly as pi increases because the
failure of the critical sections for Case 15 (pi = 1.90%) and Case 14 (pi = 1.43%) is either
dominated or markedly influenced by concrete crushing. For f c = 50 MPa as shown in
Fig. 3.7(f), the p values associated with pi = 1.90% are generally higher than those
associated with pi = 0.95 and 1.43% for a given l/H value as long as l/H is greater than or
equal to 3.

On the other hand, if l/H equals 2, p associated with pi = 1.90% is

significantly lower than those associated with pi = 0.95 and 1.43% because both concrete
crushing and stirrup slipping dominate the failure of the critical section for the case with
pi = 1.90%.

Note that since the dowel action of the longitudinal reinforcement is

neglected in the MCFT, it is possible that the reliability indices of highly reinforced
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coupling beam critical sections can be somewhat improved when accounting for the
dowel action.
The above observations suggest that for RC coupling beams that are susceptible to the
concrete crushing failure mode at the critical sections (i.e. the coupling beams with low to
moderate concrete strengths, high reinforcement ratios, low span-to-depth ratios and
under the combined action of shear force and bending moment), it may be necessary to
reduce the resistance factor for concrete (i.e. 0.65) specified in CSA A23.3-04 to achieve
the desired reliability level.

Alternatively, the maximum permissible factored shear

resistance (i.e. O.250<fcbwdx) specified in CSA A23.3-04 may need to be reduced for such
beams.

(a) pi = 0.95%
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(b) pi = 1.43%

(c) pi — 1.90%

(d) fe = 30 MPa
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(e)/c' = 40MPa

(f)fc = 50 MPa
Figure 3.7 Reliability of RC coupling beams designed per the simplified method

3.4.5.3

Comparison

A comparison between the reliability indices corresponding to the general and simplified
methods is shown in Figs. 3.8(a) through (c), in which the legends “G” and “S” indicate
the general and simplified methods respectively.

The figures indicate that /?

corresponding to the general method is always higher than or equal to that corresponding
to the simplified method for the same design case. This is consistent with the design
outcomes shown in Table 3.1, which indicate that the stirrup spacing determined
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according to the general method is always less than or equal to that determined according
t

to the simplified method for all the cases considered. For given values of pj and f C9 the
difference between the /? values corresponding to these two design methods becomes
larger as l/H decreases. This again is consistent with the designs summarized in Table
3.1, which show that the stirrup spacing obtained using the general and simplified
methods is very similar for those cases with relatively large values of ////( i.e. 4 and 5).
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34

a

G fc’=30MPa

- ft - G f c ’=40MPa
—O -Gfc'=50MPa
— ■— S fc-30MPa
S fc'=40MPa

3.2

3.0

P
2.8

26

2.4
1

2

3

4

5

6

III!

(c)pi= 1.90%
Figure 3.8 Comparison of the reliability of RC coupling beams designed per the
general and simplified methods

3.4.6

Sensitivity analysis

The objective of the sensitivity analysis was to investigate the impact on the calculated
reliability due to different assumptions regarding the statistics of the random variables
involved in the reliability analysis. Two parameters were considered in the sensitivity
analysis, namely the maximum aggregate size and model error. The former parameter
was considered because a deterministic value of 20 mm was assumed in the statistical
analysis of the shear-moment resistance (R) due to a lack of relevant information in the
literature. The latter parameter was selected for two reasons. First, the model error was
assumed to be the same as that for Response-2000 suggested by Bentz (2000); however,
the interaction diagram predicted by the procedure used in this study is in general more
conservative than that predicted by Response-2000 (although the two predictions agree
reasonably well). Second, the model error for Response-2000 suggested by Somo and
Hong (2006) is significantly different from those reported by others (i.e. Vecchio, 1981;
Gregor, 1989; Bentz, 2000). Therefore, it is desirable to carry out the sensitivity analysis
with respect to the model error.
Similar to the baseline case, the reliability indices for the sensitivity cases were evaluated
by first obtaining the probabilistic characteristics of the shear-moment resistance R
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through Monte-Carlo simulation (based on 2000 simulation trials) and the distribution
fitting and then using the FORM based on the statistics of R and load effects.
Maximum aggregate size
The sensitivity analysis with respect to the maximum aggregate size was carried out for a
selected number of design cases, namely Cases 13, 14, 15, 19, 20 and 21, with l/H= 2 or
4, f c = 4 0 MPa, p/ = 0.95, 1.43 or 1.90%, and the stirrup spacing determined using the
general method. For the sensitivity analysis, the maximum aggregate size a was assumed
to be uniformly distributed between a lower bound of 15 mm and an upper bound of 25
mm, i.e. the mean value (20 mm) equal to the deterministic maximum aggregate size
assumed in the baseline analysis.
The calculated p values corresponding to the baseline and sensitivity cases are shown in
Table 3.4.

As shown in the table, the P values corresponding to the baseline and

sensitivity cases are practically the same.

This suggests that the probabilistic

characteristics of the maximum aggregate size have no impact on the reliability of the
coupling beams.

p
C a se N o.
(G e n e r a l
m eth o d )

B a se lin e c a s e
o: 2 0 m m
d e te r m in is tic

S e n s itiv ity c a s e

a: 1 5

to 25 mm

u n ifo r m ly
d is tr ib u te d

13

3 .1 6

3 .1 5

14

2 .9 8

3 .0 0

15

2 .7 2

2 .7 0

19

2 .7 3

2 .7 2

20

2 .7 4

2 .7 5

21

2 .7 7

2 .7 8

Table 3.4 Reliability indices corresponding to different assumptions of the
maximum aggregate size

61

Model error
The design cases selected to carry out the sensitivity analysis with respect to the model
error are the same as those selected for the sensitivity analysis with respect to the
maximum aggregate size. Two alternative assumptions for £ were considered in the
sensitivity analysis. Based on the first assumption, the statistics of £, are the same as
those given in Table 3.2 except that the mean value equals 1.10 instead of 1.05. Based on
the second assumption, the model error for Response-2000 suggested by Somo and Hong
(2006) was considered; that is, £ is a lognormal variate with a mean of 1.10 and a COV of
23%. For the second assumption, the shear-moment resistance R was characterized by a
lognormal variate as opposed to a normal variate since the former was found to better fit
the 2000 samples of R generated from the Monte-Carlo simulation.

The /? values

corresponding to the sensitivity and baseline cases are presented in Table 3.5.
Table 3.5 indicates that the ft values corresponding to the first sensitivity case are
consistently higher than those corresponding to the baseline case by approximately 4%.
On the other hand, the /? values corresponding to second sensitivity case are lower than
those corresponding to the baseline case by about 8%. These results further highlight the
importance of the model error in the present analysis.

p
C ase N o .
(G e n e r a l
m eth o d )

B a s e lin e c a s e
N orm al

S e n s itiv ity C ase 1
£ N orm al

S e n sitiv ity C ase 2
L ogn orm al

M e a n = 1 .0 5

M e a n = 1 .1 0

M e a n = 1 .1 0

COV=12%

COV=12%

COV=23%

13

3 .1 6

3 .2 7

2 .8 9

14

2 .9 8

3 .0 9

2 .7 9

15

2 .7 2

2 .8 3

2 .5 1

19

2 .7 3

2 .8 4

2 .5 0

20

2 .7 4

2 .8 4

2 .5 2

21

2 .7 7

2 .8 8

2 .5 6

Table 3.5 Reliability indices corresponding to different assumptions of the model
error
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Bias Factors of Shear-moment Resistance

3.5
3.5.1

Definition of bias factor

The probabilistic characteristics of the shear-moment resistance, R, including its mean
value, COV and probability distribution for each admissible design case given in Table
3.1

were evaluated to carry out the reliability analysis. For the code calibration process,

it is advantageous to also know the bias factor of the resistance, which is defined as the
ratio between the mean and nominal resistances, where the nominal resistance is
calculated based on a set of deterministic values of the geometry and strength parameters
with the resistance factors either included or excluded (e.g. the nominal cross-sectional
dimensions and stirrup spacing, and the specified or factored concrete strength and yield
strengths for the longitudinal reinforcement and stirrups).
One option to define the nominal resistance is to develop a nominal shear-moment
interaction diagram for the cross section. The bias factor can then be defined as jUR/r„,
where r„ is the length of a line that connects the origin and a given point on the nominal
shear-moment interaction diagram and

is the corresponding mean of the shear-moment

resistance. However, CSA A23.3-04 does not explicitly employ the concept of the shearmoment interaction diagram and hence does not provide any guidance for developing the
nominal shear-moment interaction diagram. Therefore, this approach was not employed
in this study.
The shear-moment interaction is implicitly considered in the general shear design method
in CSA A23.3-04. That is, the evaluation of the factored shear resistance, Vr, depends on
the factored bending moment, Mf, at the critical section for shear design (see Eqs. (2.23)
through (2.28)). Based on this observation, the nominal shear-moment resistance can be
defined as

Jvr2 + M j.

Based on the assumptions that Vr equals the factored shear force

Vf at the critical section and that only the wind load is considered in the analysis, it
follows from the shear force and bending moment diagrams shown in Fig. 3.4 that the
load path at the critical section is fixed with a constant shear-to-moment ratio given as
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VjiMf= tana, where a is the angle of the load path as shown in Fig. 3.9. One can then
define the nominal shear-moment resistance as Vryj l + 1/( ta n a ) 2. The bias factor of
the shear-moment resistance is then defined as

+ 1 / (ta n a )2) = /uVl(a)IVr,

where jUr and jUVr denote the mean values of the shear-moment and shear resistances
respectively, with the notation /jR(a) and

used to emphasize that

and juVr are

associated with a fixed load path defined by the angle a. The simplified shear design
method in CSA A23.4-04 is a simplified version of the general shear design method.
Therefore, the above-defined bias factor is considered applicable to the simplified method
as well.

Figure 3.9 Load path for defining the bias factor of shear-moment resistance
Because the critical section is defined as dv (dv = max{0.9d, 0.72H}) from the face of the
support as described in Section 3.3, where the nominal values of d and H are used to
determine dv, the load path at the critical section is fully determined by the span length of
the beam and dv, i.e. tana= V//Mj = V/V/ (1/2 - dx) = l/(//2 - dv) (/ and dv in meters in this
study). Therefore, the four assumed ////values (i.e. 2, 3, 4 and 5) are associated with four
unique values of a, which are summarized in Table 3.6. Note that the design cases with
the same l!H but different longitudinal reinforcement ratios in fact have slightly different
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a values due to the slight difference in dv associated with these cases; however, such

difference was ignored.

I/H

a (degree)

2

85

3

70

4

55

5

45

Table 3.6 Load path angles for RC coupling beams

3.5.2

Results

For a given admissible design case, the mean (i.e.

jur(U))

of the shear-moment resistance,

R(a), evaluated based on the 2000 simulation samples was used to calculate the bias
factor. The bias factors of R(a) for each of the admissible cases designed per the general
and simplified methods are summarized in Table 3.7.
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a

fc

Pi

(d eg ree)

(M P a)

(%)

30

45

40

50

30

55

40

50

30

70

40

50

30

85

40

50

Bias fa c to r
G en era l

S im p lified

m e th o d

m e th o d

0 .9 5

N /A

N /A

1 .4 3

1 .3 3

1 .3 3

1 .9 0

1 .3 5

1 .3 5

0 .9 5

N /A

N /A

1 .4 3

1 .3 1

1 .3 0
1 .3 3

1 .9 0

1 .3 5

0 .9 5

N /A

N /A

1 .4 3

1 .3 1

1 .2 9

1 .9 0

1 .3 4

1 .3 2

0 .9 5

1 .3 4

1 .3 4

1 .4 3

1 .3 5

1 .3 5

1 .9 0

1 .3 8

1 .3 8

0 .9 5

1 .3 3

1 .3 1

1 .4 3

1 .3 3

1 .3 3

1 .9 0

1 .3 7

1 .3 7

0 .9 5

1 .3 2

1 .3 0

1 .4 3

1 .3 3

1 .3 3

1 .9 0

1 .3 6

1 .3 6

0 .9 5

1 .4 0

1 .3 7

1 .4 3

1 .4 1

1 .3 8

1 .9 0

1 .3 5

1 .3 5

0 .9 5

1 .4 0

1 .3 5

1 .4 3

1 .4 0

1 .3 7

1 .9 0

1 .4 0

1 .4 0

0 .9 5

1 .3 7

1 .3 3

1 .4 3

1 .3 8

1 .3 5

1 .9 0

1 .4 0

1 .4 0

0 .9 5

1 .6 1

1 .4 5

1 .4 3

N /A

N /A

1 .9 0

N /A

N /A

0 .9 5

1 .5 8

1 .4 2

1 .4 3

1 .4 9

1 .3 6

1 .9 0

1 .3 8

1 .2 7

0 .9 5

1 .5 7

1 .4 0

1 .4 3

1 .5 2

1 .4 0

1 .9 0

1 .4 7

1 .3 3

Table 3.7 Bias factors of R(a) for RC coupling beams
As indicated in Table 3.7, the bias factors vary from 1.30 to 1.60 for the general method
and from 1.25 to 1.45 for the simplified method. It was found that the COV of R(a)
equals approximately 16% and is practically independent of the design methods (i.e. the
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general or simplified method) or the design cases. Furthermore, the normal distribution
can adequately characterize R(a), as already indicated in Section 3.4.4.

Because the

COV and probability distribution of R(a) are basically independent of the design cases,
the trend in the bias factors is generally consistent with that in the reliability indices
presented in Section 3.4.5 (note that a increases as UH decreases). The relatively low
bias factors associated with certain design cases are due to that concrete crushing either
governs or markedly impacts the failure of the cross sections.
The bias factor corresponding to the general method is always higher than or equal to that
corresponding to the simplified method for the same design case and for given values of
pt and f c, the difference between the bias factors corresponding to these two design
methods becomes larger as a increases (i.e. ////decreases). This again is consistent with
the design outcomes shown in Table 3.1.

3.6

Summary

The reliability of coupling beams in RC high-rise coupled shear wall structures was
evaluated with respect to the limit state corresponding to combined shear and bending.
The coupling beams were assumed to be subjected to the wind load only and designed
per the flexural and shear design provisions specified in CSA A23.2-04. In particular,
both the general and simplified shear design methods in CSA A23.4-04 were employed.
The wind load effects were assumed to be time-independent and characterized by the 50year maximum values. The reliability indices were calculated using the FORM based on
the probabilistic characteristics (i.e. the probability distribution, mean and COV) of the
coupled shear-moment resistance, R, and load effects. The statistics of R were obtained
by combining the Monte Carlo simulation with the MCFT and accounting for the
uncertainties in the basic geometry and material properties of the coupling beams and the
model uncertainty associated with the MCFT.
Based on a 50-year design life, the reliability indices (fi) associated with the coupling
beams designed per the general method are between 2.7 and 3.2, and therefore generally
consistent with the assumed target reliability index of 3.0. The // values associated with
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the coupling beams designed per the simplified method are between 2.5 and 2.9, and
therefore somewhat lower than the target reliability index. The relatively low /? values
are typically corresponding to coupling beams with low clear span-to-depth ratio (e.g. 2
or 3), moderate to high reinforcement ratio (e.g. greater than 1.4%), and relatively low to
moderate concrete strength (e.g. 30 or 40 MPa). It was observed that the critical sections
in such beams are susceptible to the failure mode of concrete crushing as predicted by the
MCFT at the ultimate limit state for shear and bending. To increase the reliability levels
for such beams, the resistance factor for concrete or the maximum permissible factored
shear resistance specified in CSA A23.3-04 may need to be reduced.
Sensitivity analysis was carried out to investigate the impact on the reliability index due
to different assumptions about the probabilistic characteristics of the maximum aggregate
size and model error for the shear-moment resistance.

The results show that the

characteristics of the maximum aggregate size have no impact on the reliability whereas
those of the model error have a substantial impact on the reliability.
To facilitate the code calibration process, the statistics of the shear-moment resistance
were characterized in terms of the bias factor, COV and probability distribution.

In

particular, the bias factor was defined as the mean shear resistance corresponding to a
fixed load path (i.e. shear force-to-moment ratio) divided by the factored shear resistance
corresponding to the same load path. For the coupling beams considered in this study,
the bias factor varies from 1.30 to 1.60 for beams designed per the general method and
from 1.25 to 1.45 for beams designed per the simplified method. Furthermore, the shearmoment resistance can be adequately characterized by the normal distribution with a
COV of approximately 16% regardless of the design methods or design cases considered.
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C hapter 4

Reliability and Statistical Analyses of RC
Overhanging Beams

4.1

Introduction

In this chapter, the time-independent reliability analysis of RC beam cross sections
subjected to combined shear and bending was carried out for simply-supported beams
with a cantilever overhang at one end. The bending moments and shear forces acting on
the overhanging beams were assumed to result from the gravity loads (i.e. the dead and
live loads), and the beams were designed per the flexural and shear design requirements
specified in CSA A23.3-04.
The methodologies employed to carry out the reliability analysis for the overhanging
beams subjected to combined shear and bending are similar to those used to analyze the
reliability of RC coupling beams under combined shear and bending. Therefore, the limit
state function given by Eq. (3.8) also applies to the overhanging beams; the critical
section considered in the reliability analysis is the critical section for shear design as
specified in CSA A23.3-04; the MCFT was incorporated in the Monte-Carlo simulation
to develop the statistics of the shear-moment resistance, and the FORM was used to
evaluate the reliability indices based on the statistics of the shear-moment resistance and
load effects.
The analysis results include the reliability indices of the critical sections in the
overhanging beams, the sensitivity of the reliability index to a number of parameters
involved in the reliability analysis and the statistics of the shear-moment resistance in
terms of the bias factor, COV and probability distribution.
approach and results are described in the following sections.

Details of the analysis
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4.2
4.2.1

Reliability Analysis Procedure
Basic assumptions

The following basic assumptions were adopted in carrying out the reliability analysis for
the simply-supported overhanging beams:
1) The beam is subjected to uniformly distributed dead and live loads over the entire
length of the beam.
2) The factored load effects equal the factored resistances in the design according to CSA
A23.3-04; that is, the factored bending moment equals the factored flexural resistance at
the critical section for bending and the factored shear force equals the factored shear
resistance at the critical section for shear.
3) The beam has a rectangular cross section and consists of longitudinal reinforcements at
the top and bottom o f the cross section as well as stirrups perpendicular to the
longitudinal direction of the beam.

4.2.2

Design

The cross-sectional dimensions of the overhanging beams were selected to be bw = 400
mm and H = 500 mm. The specified yield strengths of the longitudinal reinforcement
and stirrups were selected to be 400 MPa. Two different specified concrete strengths
were considered: 30 and 40 MPa.
The schematic of an overhanging beam with the corresponding bending moment and
shear force diagrams under uniformly distributed load is shown in Fig. 4.1.

The

overhanging span /*, defined as the distance between the centre of support B and tip of
the overhang, was assumed to be 2.5 m, whereas the back span la, defined as the distance
between the centres of supports A and B, was assumed to be 7.5 or 5.0 m, i.e. 3h or 2/*.
The widths of supports A and B were assumed to be 400 mm. It was further assumed that
the beam was not constructed integrally with the supports, which leads to that the flexural
design at support B is governed by the bending moment at the centre of the support as
opposed to at the face of the support according to CSA A23.3-04 (CSA, 2004).
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Shear

Figure 4.1 Moment and shear force diagrams for the overhanging beam
The steps involved in the design of the overhanging beam are as follows. For a given f c,
the total factored uniformly distributed load, qf, on the beam is selected first.

It is

assumed that the flexural design requirement for the beam (e.g. at support B and section
@ as shown in Fig. 4.1) can be satisfied by placing longitudinal reinforcement on the
flexural tension side of the corresponding cross section and on the flexural compression
side of the cross section if needed. The factored shear forces and bending moments at
three critical sections for shear design, i.e. © , © and (3) as shown in Fig. 4.1, are
computed. The critical sections for shear are determined according to CSA A23.3-04, i.e.
dv (dv = max{0.9i/, 0.72//}) from the face of the support. The longitudinal reinforcement
and stirrups that satisfy the flexural and shear design requirements at these sections are
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then determined. Both the general and simplified methods are employed in the shear
design.
Two values of q jare assumed for the design, namely 85 and 125 kN/m; these correspond
to the flexural tension (i.e. top) longitudinal reinforcement ratio at support B of
approximately 1.0% and 1.5% respectively for the considered concrete strength (30 and
40 MPa). It was found that the longitudinal reinforcement on the flexural tension side of
section CD, ® or (3) is always governed by Eq. (2.30) (i.e. the equation to ensure flexural
failure to occur before shear failure as specified in A23.3-04). A few iterations are
required in the general design method to select the area of the longitudinal reinforcment
such that the left hand side of Eq. (2.30) equals the right hand side, because the equation
involves the parameter 8, which in turn depends on the area of the longitudinal
reinforcement in the general method (see Eqs. (2.26) through (2.28)). It was also found
that longitudinal reinformcent is needed on the flexural compression sides of sections CD,
(2) and (3) as a result of Eq. (2.31). The design results indicate that more longitudinal
reinforcement and stirrups are required at section (2) than those at sections ® and (3); that
is, section ® is more critical than the other two. Therefore, section (2) was selected as
the critical section for the reliability analysis. A schematic of section (2) is shown in Fig.
4.2.

Figure 4.2 Schematic of cross section (2) in the RC overhanging beam
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The longitudinal reinforcement and stirrups required to satisfy the flexural and shear
designs at section ® are summarized in Table 4.1. For all the design cases in the table,
2-20M bars were selected as the longitudinal reinforcement placed at the bottom of
section (2) to satisfy Eq. (2.31); two-legged 10M bars were used as the stirrups (i.e. the
nominal area of the stirrups within the stirrup spacing equal to 200 mm ), and the
effective shear depth of the cross section, dY, was assumed to be 403 mm based on the
arrangement of the longitudinal reinforcements. The stirrup spacing for some of the
design cases is governed by the minimum transverse reinforcement requirement specified
in CSA A23.3-04, which implies Vr > Vf. These cases were excluded from the reliability
analysis because Assumption 2) in Section 4.2.1 is not satisfied. The remaining design
cases are referred to as admissible cases and included in the reliability analysis.
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G eneral m e th o d
C ase

Ult,

N o.

fc

Qf

(M P a)

(k N /m )

Vf (kN)

/W /(kN m )

4/
(m m 2)

1

3

30

85

303

68

2

3

40

85

303

68

3

3

30

125

445

99

4

3

40

125

445

99

5

2

30

85

214

121

6

2

40

85

214

121

7

2

30

125

315

178

8

2

40

125

315

178

1300
(0.65% )
1300
(0.65% )
1800
(0.90% )
1800
(0.90% )
1600
(0.80% )
1600
(0.80% )
2300
(1.15% )
2300
(1.15% )

s
(m m )
180

195

100
105

280b

280b

210

235

S im p lifie d m e th o d
A a
(m m 2)
1400
(0.70% )
1400
(0.70% )
2000
(1.0% )
2000
(1.0% )
1600
(0.80% )
1600
(0.80% )
2300
(1.15% )
2300
(1.15% )

s
(m m )
220

250

120
130

280b

280b

210

230

a. A s is the area o f the longitudinal reinforcement at the top o f Section © ; the reinforcement ratio is
given in brackets for each design case.
b. For Cases 5 and 6, the stirrup spacing is governed by the maximum spacing requirement per CSA
A23.4-04.

Table 4.1 RC overhanging beam design at Section (2)
As shown in Table 4.1, the general method results in a smaller amount of longitudinal
reinforcement but smaller stirrup spacing compared with the simplified method for the
design cases with lallb = 3. For the design cases with l j l b = 2, the general method results
in the same amount of longitudinal reinforcement and same stirrup spacing as the
simplified method except for Case 8, for which the stirrup spacing corresponding to the
general method is slightly greater than that corresponding to the simplified method.

4.2.3
4.2.3.1

Statistics of input parameters
Resistance

For the reliability analysis, the spans of the overhanging beam, i.e. la and /*, were
assumed deterministic quantities. The statistics of the variables involved in calculating
the shear-moment interaction diagram of the beam cross section, including the model
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error, are the same as those described in Section 3.4.3 for the RC coupling beams. The
yield strength of the reinforcement (i.e. 2-20M) at the bottom of the cross section was
assumed to be identical to the yield strength of the reinforcement at the top of the cross
section. Furthermore, the location (i.e. d' in Fig. 4.2) and area of the reinforcement at the
bottom of the cross section were assumed to be deterministic quantities in the analysis.
Figure 2.10(b) indicates that the ascending portion of the interaction diagram associated
with the asymmetrically reinforced cross section predicted using the procedure described
in Section 2.3.1.3 tends to be more conservative than that of the interaction diagram
predicted using Response-2000, whereas the difference between the descending portions
of the two interaction diagrams is much smaller. Because the intersection between the
assumed load path and the calculated shear-moment interaction diagram (i.e. point (B) in
Fig. 3.2) almost always falls on the descending part of the interaction diagram for the RC
overhanging beams considered in this study, the model error associated with Response2000 as reported by Bentz (2000) was also adopted in this analysis.

4.2.3.2

Load effects

The uniformly distributed dead and live loads, qo and q¿, on the overhanging beam were
treated as random variables in the reliability analysis. The live load was assumed to be
time-independent and represents the maximum value over a 50-year design life. The load
effects, i.e. shear force and bending moment, were calculated from qo and qi based on the
geometry of the beam (see Fig. 4.1). Note that the variability of the load effects is in
general higher than that of the load because of the additional uncertainties involved in the
modeling and analysis (Bartlett et al., 2003a). To account for this, the statistics of qD and
qL were assumed to be the same as those of the dead and live load effects.
Based on the statistics reported by Bartlett et al. (2003a), qo was assumed to be normally
distributed with a bias o f 1.05 and a COV of 10%. Bartlett et al. (2003a) also reported
that the live load had a bias of 0.90 and a COV of 17%, and that the combined effects of
the modeling and analysis associated with converting the live load to live load effect had
a bias of 1.0 and COV of 20.6%. Given this, the bias and COV of qi, were evaluated to
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be 0.9 (=1.0x0.9) and 27% (=(0.172+0.2062)°5). It was further assumed that qi follows a
Gumbel distribution (Ellingwood et al., 1980; Kariyawasam, 1996).
The nominal values of the dead and live loads, qD„ and qLn, are related to the total
factored load ^through the following equation (NBCC, 2005):
Qf ~

+ 1.5qin

(4-1)

where 1.25 and 1.5 are the dead and live load factors respectively. Given qf, the values of
qon and q

can be calculated by assuming different nominal live-to-dead load ratios.

Five values of qmlqDn were assumed in the reliability analysis, namely 0.25, 0.5, 1.0, 1.5
and 2.0.

4.2.4

Analysis approach

The approach employed to evaluate the reliability of RC coupling beams was employed
to carry out the time-independent reliability analysis for RC overhanging beams
considering combined shear and bending. The MCFT and Monte-Carlo techniques were
combined together to obtain the probabilistic characteristics o f the coupled shear-moment
resistance (R) based on the statistics of the parameters corresponding to the geometry,
material properties and model error. The statistics of R were determined for a fixed load
path, i.e. v/lmi = Vj/Mf, for a given design case because of the assumptions that the
location of the critical section is fixed and both the dead and live loads are uniformly
distributed throughout the entire length of the beam. The statistics of R and the load
effects were then employed in the FORM to calculate the reliability indices.
Figures 4.3 show 2000 samples of R that are obtained from the Monte-Carlo simulation
and plotted on the normal probability paper for four representative design cases, namely
Cases 1, 2, 3 and 4 designed per the general method as shown in Table 4.1. These figures
suggest that the normal distribution fits the samples reasonably well.

Thus, R was

assumed to follow the normal distribution with the corresponding mean and COV equal
to those of the fitted distribution respectively. It was also observed that the COV of R is
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consistently at approximately 15% although the mean value of R varies for these four
cases.

(a) Case 1

0-'(F(x))

(b) Case 2
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<b-HF(x))

(c) Case 3

0 - '( F ( x ) )

(d) Case 4
Figure 4.3 Samples of R generated from 2000 simulation trials plotted on the
normal probability paper for four representative RC overhanging beam design
cases
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Given the statistics of R, the reliability indices for Cases 1, 2, 3 and 4 were obtained using
the FORM. Furthermore, the reliability indices for these cases were evaluated by directly
incorporating the MCFT in the Monte-Carlo simulation, with the number of simulation
trials being 50,000 for each design case. The FORM and simulation results are shown in
Table 4.2. The results suggest that the /? values obtained from the FORM based on the
statistics of R agree well with those obtained from the direct simulation approach with the
¡3 values obtained using the former approach being slightly more conservative. This can
be attributed to the fact that the fitted distributions in Figs. 4.3 are more conservative than
those of the simulated 2000 samples at the lower tail of the distribution.

The

conservatism in the fitted distributions for the overhanging beam design cases is more
than that in the fitted distributions for the coupling beam design cases; therefore, the
difference between the reliability indices obtained from the FORM and Monte-Carlo
simulation is larger for the overhanging beams than that for the coupling beams as shown
in Table 3.3. Given these results, the /? values for all the other admissible design cases
were evaluated by first developing the statistics of R based on 2000 simulation samples
and then using the statistics of R and the load effects in the FORM.

p
C ase
N o.

M o n te -C a r lo

FORM a n d
s ta tis tic s o f

R

sim u la tio n
a n d MCFT

1
2

2 .8 3

2 .9 4

2 .7 5

2.86

3

2 .8 7

2 .9 8

4

2 .8 1

2 .9 4

Table 4.2 Comparison of reliability indices obtained from the FORM and MonteCarlo simulation for four representative design cases
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4.2.5
4.2.5.1

Analysis results
General method

The p values for the design cases with IJ k = 3 and designed according to the general
method shown in Table 4.1 are plotted versus the nominal live-to-dead load ratio
(<qtJciDn) for given values o ff c (30 or 40 MPa) and q j {85 or 125 kN/m) in Fig. 4.4. It
should be emphasized that different values of qj essentially correspond to different
longitudinal and transverse reinforcement contents at section ® . Figure 4.4 shows that
the p values range from 2.6 to approximately 2.9 and are therefore slightly lower than the
target reliability index of 3.0 considered based on a 50-year design life. Given q/ and
qLJqDn, P decreases as f c increases.

This can be attributed to that the concrete

contribution to the shear resistance increases with f c, which results in a decrease in the
reliability because the variability of the concrete compressive strength is higher than that
of the steel yield strength. Given f c and qiJqDm the P value increases as qj increases.
Since a higher value of qj generally corresponds to a larger longitudinal reinforcement
ratio, this means that the reliability increases with the longitudinal reinforcement ratio.
Given qj and f c, /i increases as qiJqDn increases from 0.25 to 1.0, but decreases as qmlqDn
further increases from 1.0 to 2.0. This suggests that the reliability is lower if either the
dead or live load is dominating.

In particular, the reliability levels corresponding to

qiJqDn = 0.25 are the lowest among all the qtJqon values considered in this study. This
suggests that the dead load factor of 1.25 specified in NBCC 2005 (NRC, 2005) may not
be adequate for the combined shear and bending limit state if the dead load effects are
dominant.
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Figure 4.4 Reliability of RC overhanging beams designed per the general method
(/«//* = 3)
To compare the reliability levels for the design cases with different values of l j l b, the /?
values for the design cases with qj equal to 125 kN/m and designed according to the
general method shown in Table 4.1 are plotted versus qmlqDn for given values off c (30 or
40 MPa) and l j l b (2 or 3) in Fig. 4.5 (note that the design cases with qf = 85 kN/m and
IJlb = 2 were excluded from the reliability analysis because the stirrup spacing for these
cases is governed by the maximum stirrup spacing requirement as indicated in the note to
Table 4.1).
The value of l j l b basically determines the load path for a given design case, i.e. v//w/,
which equals VJMf as described in Section 4.2.4 (see Appendix C for the relationship
between l j l b and VJMj). A greater l j l b leads to a larger value of VJMf at section (g) and
vice versa. Figure 4.5 shows that given f c and qiJciDn, P in general increases as ljlb (or
VJMf) increases.

Flowever, there is virtually no difference between the /? values

corresponding to ljlb = 2 and 3 if qmlqDn is less than or equal to 1.0 and f c = 40 MPa.
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Figure 4.5 Reliability of RC overhanging beams designed per the general method
(iqf = 125 kN/m)

4.2.5.2

Simplified method

The ¡3 values for the design cases with IJlb = 3 and designed according to the simplified
t

method shown in Table 4.1 are plotted versus qmlqDn for given values o ifc and qj'm Fig.
4.6. The figure shows that the ¡3 values are between 2.5 and 2.9, and therefore somewhat
lower than the target reliability index of 3.0 considered for the limit state. Given q jand
f c, ¡3 increases as quJqon increases from 0.25 to 1.0, but decreases as qiJqi),, further
increases from 1.0 to 2.0, which is similar to the analysis results obtained for the general
method.

Given qj and ¿/¿«/go«, ¡3 decreases as f c increases. Given f c and q ^ D n , ¡3

increases as ^increases. All the results are consistent with those obtained for the general
method; only the separation between the (3 values corresponding to different ^values is
larger for the simplified method.
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Figure 4.6 Reliability of RC overhanging beams designed per the simplified method
(/«//* = 3)
The p values for the design cases with <^=125 kN/m and designed according to the
simplified method shown in Table 4.1 are plotted versus qidqDn for given values off c (30
or 40 MPa) and IJh (2 or 3) in Fig. 4.7. Figure 4.7 shows that given f c and qidqDn, P
increases as lJib increases (i.e. VJMf increases). Flowever, the increase in p is negligibly
small if qidqDn is less than or equal to 1.0 and f c = 30 MPa.
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Figure 4.7 Reliability of RC overhanging beams designed per the simplified method
(,qf = 125 kN/m)

4.2.5.3

Comparison

A comparison between the reliability indices corresponding to the general and simplified
methods is shown in Figs. 4.8, in which the legends “G” and “S” indicate the general and
simplified methods respectively. Figure 4.8(a) indicates that when qf= 85 kN/m and IJh
— 3, the p value corresponding to the general method is always higher than that
corresponding to the simplified method for the same design case. This means that even
though the general method requires slightly less longitudinal reinforcement than the
simplified method, the more stringent stirrups spacing required by the general method
results in a higher reliability level.
Figures 4.8(b) and (c) show that when q/= 125 kN/m and IJlb = 2 or 3, the difference
between the p values corresponding to the two design methods for the same design case
is negligible. This is obvious for the design cases with q/= 125 kN/m and lJib = 2 in that
the longitudinal reinforcement and stirrup spacing required by the two design methods
are identical for f c = 30 MPa and only slightly different for f c = 40 MPa as shown in
Table 4.1. For the design cases with qf= 125 kN/m and lJib = 3, it appears that the
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general and simplified methods achieve approximately the same reliability level through
different reinforcement configurations (see Table 4.1): the former method requires a
smaller amount of longitudinal reinforcement but more stringent stirrup spacing whereas
the latter method requires a larger amount of longitudinal reinforcement but less stringent
stirrup spacing.

(a) lJ h = 3 and qj = 85 kN/m
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(c) lJ h = 2 and q/ = 125 kN/m
Figure 4.8 Comparison of reliability of RC overhanging beams designed per the
general and simplified methods

86

4.2.6

Sensitivity analysis

Sensitivity analysis was carried out to investigate the impact on the reliability due to the
longitudinal reinforcement at the bottom (i.e. flexural compression side) of section ® and
the model error associated with the shear-moment resistance R. It should be emphasized
that the longitudinal reinforcement at the bottom of the section results from the shear (as
opposed to flexural) design requirement, i.e. Eq. (2.31), as specified in CSA A23.3-04.
The reliability indices for the sensitivity cases were evaluated by first obtaining the
probabilistic characteristics of R through Monte-Carlo simulation (based on 2000
simulation trials) and the distribution fitting and then using the FORM based on the
statistics of R and load effects.
Longitudinal reinforcement on the flexural compression side o f the cross section
The sensitivity analysis with respect to the longitudinal reinforcement at the bottom of
section (2) was carried out for Cases 1, 2, 3 and 4 designed using the general method
shown in Table 4.1.
according to two

For each design case, the reliability indices were calculated
values: 0.5 and 1.5. The first sensitivity case assumes that the

area and depth of the longitudinal reinforcement at the bottom of the section, As and d\
are random variables instead of deterministic quantities as assumed in the baseline
analysis. To this end, As and d' were assumed to follow the normal distribution with a
bias of 1.00 and a COV of 3%. Furthermore, the yield strengths of the longitudinal
reinforcements at the bottom and top of the section, Fv and

were assumed to be

independent but identically distributed as opposed to fully correlated as assumed in the
baseline analysis.
The second sensitivity case was aimed at investigating whether the amount of the
longitudinal reinforcement provided at the bottom of section (2) has a large impact on the
reliability. This case is identical to the baseline case except that 2-25M bars (nominal
area equal to 1000 mm ) as opposed to 2-20M (nominal area equal to 600 mm ) were
placed at the bottom of the section.

87

The [i values corresponding to the sensitivity cases as well as the baseline case are shown
in Table 4.3. The results show that the ft values corresponding to the first sensitivity case
are only slightly lower than those corresponding to the baseline case. This suggests that
the uncertainties in the area and location of the longitudinal reinforcement at the bottom
of section ® have a negligible impact on the reliability.
The /? values corresponding to the second sensitivity case are about 1 to 2% higher than
those corresponding to the baseline analysis for Cases 1 and 2 (i.e. qf= 85 kN/m), and are
practically the same as those corresponding to the baseline analysis for Cases 3 and 4 (i.e.
qj= 125 kN/m). These results suggest that the amount of longitudinal reinforcement at
the bottom o f section (2) has a relatively small impact on the reliability, as long as the
requirement for such reinforcement (i.e. Eq. (2.31)) per the shear design provisions in
CSA A23.3-04 is satisfied.

p

C ase N o.

Qlnitfon

0 .5

(g e n e r a l

B a se lin e

S e n sitiv ity

S e n sitiv ity

m e th o d )

case

C ase 1

C a se 2

1

2 .8 2

2 .8 0

2 .8 8

2

2 .7 5

2 .7 2

2 .8 1

3

2 .8 7

2 .8 5

2 .8 6

4

2 .8 1

2 .7 9

2 .8 0

1

2 .8 3

2 .8 1

2 .8 7

2

2 .7 7

2 .7 5

2 .8 1

3

2 .8 8

2 .8 6

2 .8 7

4

2 .8 3

2 .8 1

2 .8 2

•

1 .5

Table 4.3 Reliability indices corresponding to different assumptions of the
longitudinal reinforcement at the top of section ®
Model error
The design cases selected to carry out the sensitivity analysis with respect to the model
error (£) are the same as those selected for the sensitivity analysis with respect to the
longitudinal reinforcement on the compression side. Two alternative assumptions for £
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as mentioned in the sensitivity analysis of the model error for RC coupling beams were
considered. First, the statistics of £ are the same as those given in Table 3.2 except that
the mean equals 1.10 instead of 1.05; second, the model error for Response-2000
suggested by Somo and Hong (2006), which is a lognormal variate with a mean of 1.10
and a COV of 23% was considered.

For the second assumption, the shear-moment

resistance R was characterized by a lognormal variate.
The /? values corresponding to the baseline and sensitivity cases are presented in Table
4.4. The p values corresponding to the first sensitivity case are consistently higher than
those corresponding to the baseline case by approximately 7%. On the other hand, the ft
values corresponding to the second sensitivity case are lower than those corresponding to
the baseline case by about 15% for qm^Dn = 0.5 and 12% for qiJqDn = 1.5. These results
suggest that the probabilistic characteristics of the model error have a substantial impact
on the reliability o f the overhanging beams, which is consistent with the sensitivity
analysis results obtained for the RC coupling beams.

A

C a se N o.

QinfQDn

(g e n e r a l
m eth o d )

0 .5

1 .5

B a se lin e c a s e

S e n s itiv ity C a se 1
£ N orm al

N orm al

S e n sitiv ity C a se 2
L ogn orm al

M e a n = 1 .0 5

M e a n = 1 .1 0

M e a n = 1 .1 0

COV=12%

COV=12%

COV=23%

1

2 .8 2

3 .0 0

2 .3 9

2

2 .7 5

2 .9 6

2 .3 4

3

2 .8 7

3 .0 4

2 .4 3

4

2 .8 1

3 .0 4

2 .3 8

1

2 .8 3

2 .9 9

2 .4 9

2

2 .7 7

2 .9 5

2 .4 4

3

2 .8 8

3 .0 4

2 .5 2

4

2 .8 3

3 .0 2

2 .4 8

■

■

Table 4.4 Reliability indices corresponding to different assumptions of the model
error
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43

Bias Factors of Shear-moment Resistance

The evaluation of the bias factors of the shear-moment resistance (R) for the RC
overhanging beams is described in this section. The bias factor is defined in a similar
way as that for the RC coupling beams described in Section 3.5; that is, the bias factor
equals jUR(a)/(Vr^ l + 1/( ta n a ) 2) =

where a is the angle of the load path. For a

given design case shown in Table 4.1, the bias factor was evaluated for the critical
section considered in the reliability analysis, i.e. section (2) as shown in Fig. 4.1. Because
both the dead and live loads were assumed to be uniformly distributed over the entire
length of the overhanging beam, the load path at section ® for the dead or live load is the
same and defined as tana = Vj/Mf. It follows that a at section ® is fully determined by
the lengths of the back span la and the overhanging span /*, as well as the width of
support B (see Appendix C), given that the effective shear depth of the beam cross
section dv was assumed to be 403 mm constantly. Given that lb and the width of support
B equal 2.5 m and 0.4 m respectively, «equals 77 degrees for U h - 3 and 61 degrees for
U h = 2For a given admissible design case, the mean of the shear-moment resistance, R(a),
evaluated based on the 2000 simulation samples was used to calculate the bias factor.
The bias factors of R{a) for all the admissible cases designed per the general and
simplified methods are summarized in Table 4.5.
Table 4.5 indicates that the bias factors vary from 1.32 to 1.38 for the general method and
from 1.28 to 1.36 for the simplified method. Also the COV of R(a) equals approximately
15% and is practically independent of the design methods or the design cases.
Furthermore, R(a) can be characterized by the normal distribution. Since the COV and
probability distribution of R(a) are basically independent of the design cases, the trend in
the bias factors is generally consistent with that in the reliability indices presented in
Section 4.2.5.
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The bias factor corresponding to the general method is always higher than or equal to that
corresponding to the simplified method for the same design case except for Case 8, for
which the bias factor corresponding to the general method is the slightly lower one. This
is consistent with the design outcome for Case 8 as shown in Table 4.1 in that the general
method requires the same amount of longitudinal reinforcement as the simplified method
but fewer stirrups.

a

C ase

Qf

f'

(d e g r e e )

N o.

(k N /m )

(M P a)

Bias
G eneral

S im p lified

m eth o d

m e th o d

1

85

30

1 .3 5

1 .3 0

2

85

40

1 .3 3

1 .2 8

3

125

30

1 .3 8

1 .3 6

4

125

40

1 .3 6

1 .3 4

5

85

30

N /A

N /A

6

85

40

N /A

N /A

7

125

30

1 .3 4

1 .3 4

8

125

40

1 .3 2

1 .3 3

77

61

Table 4.5 Bias factors of R(a) for RC overhanging beams

4.4

Summary

The reliability of simply-supported RC beams with a cantilever overhang at one end was
evaluated with respect to the limit state corresponding to combined shear and bending.
The overhanging beams were assumed to be subjected to uniformly distributed dead and
live loads, and designed in accordance with the flexural and shear design provisions
specified in CSA A23.3-04. Both the general and simplified shear design methods in
CSA A23.4-04 were used. The live load effects were assumed to be time-independent
and characterized by the 50-year maximum values. The same limit state function and
methodologies used to carry out the reliability analysis for the RC coupling beams
described in Chapter 3 were employed to calculate the reliability indices (/?) for the
critical sections in the overhanging beams subjected to combined shear and bending.
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The /? values of the overhanging beams designed per the general method are between 2.6
and 2.9 whereas the ¡5 values of the overhanging beams designed per the simplified
method are between 2.5 and 2.9. Therefore, they are slightly lower than the target
reliability index of 3.0 considered for this limit state based on a 50-year design life.
Sensitivity analysis was carried out to investigate the impact on the reliability index due
to different assumptions about the probabilistic characteristics of the longitudinal
reinforcement on the flexural compression side of the critical section and model error for
the shear-moment resistance.

The results show that the statistics of the longitudinal

reinforcement on the compression side have a negligible impact on the reliability,
whereas those of the model error have a substantial impact.
The statistics of the coupled shear-moment resistance were characterized in terms of the
bias factor, COV and probability distribution to facilitate the code calibration process.
The bias factor is defined as the mean shear resistance corresponding to a fixed load path
(i.e. shear force-to-moment ratio) divided by the factored shear resistance.

For the

overhanging beams considered in this study, the bias factors vary from 1.32 to 1.38
corresponding to the general shear design method and from 1.28 to 1.36 corresponding to
the simplified shear design method.

Finally, it was found that the shear-moment

resistance can be characterized by the normal distribution with a COV of approximately
15%, which is practically independent of the shear design methods or different design
cases considered.

92

Chapter 5
5.1

Summary and Conclusions

Summary

The research reported in this thesis consists of reliability and statistical analyses of
reinforced concrete (RC) beams that are designed per the flexural and shear design
requirements specified in the current Canadian concrete design code, CSA A23.4-04
(CSA, 2004) and subjected to combined shear forces and bending moments.

The

reliability levels of such RC beams have not been reported in the literature. The present
study is valuable in that it provides evidence as to whether the partial safety factors
specified in CSA A23.4-04 are adequate with respect to the limit state corresponding to
combined shear and bending.

Moreover, the statistics of the coupled shear-moment

resistance for the RC beams can be used to facilitate the code calibration and develop
structure-specific load factors for unique buildings.
The response of RC beams subjected to combined shear and bending was evaluated using
the modified compression field theory (MCFT) (Vecchio and Collins, 1986; Collins and
Mitchell, 1991), which is widely recognized as one of the most rational approaches to
predict the response of RC members subjected to shear, bending moment and axial force.
The fundamentals o f the MCFT including the equilibrium and compatibility conditions,
constitutive relationships for the reinforcement and cracked concrete, and local crack
checks were reviewed first. A calculation procedure based on the MCFT formulations
and plane section assumption was then implemented to evaluate the shear-moment
interaction diagram (i.e. resistance) for an RC beam cross section subjected to combined
shear and bending.

To improve the computational efficiency, two simplifying

assumptions proposed by Vecchio and Collins (1986) were incorporated in the
calculation procedure, namely constant shear flow and constant inclination angle of the
principal compressive stress in the cracked concrete within the effective shear area.
Furthermore, a simple crack check equation in the longitudinal direction of the beam was
proposed for cross sections subjected to combined shear and bending.
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The shear-moment interaction diagrams for two typical RC beam cross sections, one with
identical top and bottom longitudinal reinforcement and the other with different top and
bottom longitudinal reinforcement, were evaluated using the procedure implemented in
this study. The resulting interaction diagrams agree well with those evaluated using the
program Response 2000 (Bentz, 2000), considered as the benchmark program to predict
the response of RC members using the MCFT.
CSA A23.3-04 specifies two shear design methods, namely the general and simplified
methods, for RC beams to which the plane section assumption applies. A review of the
two methods, both of which are based on the MCFT, was carried out in terms of the
corresponding design equations, location of the critical section for shear design, as well
as the requirements for the minimum amounts of longitudinal reinforcements at the top
and bottom of the cross section to satisfy the shear design.
Time-independent reliability analyses of RC coupling beams in high-rise buildings and
simply-supported beams with a cantilever overhang at one end were carried out with
respect to the limit state corresponding to combined shear and bending. The coupling
beams were assumed to be subjected to wind load only, characterized by the 50-year
maximum value; the overhanging beams were assumed to be subjected to the dead load
and 50-year maximum live load, both uniformly distributed over the entire length of the
beam. The critical cross section considered in the reliability analyses was selected to be
the same as the critical cross section for the shear design specified in CSA A23.3-04, i.e.
dv from the face of the support. The quantity dv was defined as max{0.9r/, 0.72 H} with d
being the nominal distance between the centroid of the longitudinal tension reinforcement
and extreme compression fiber and //being the nominal cross-sectional depth. The limit
state function at the critical cross section was established as the coupled shear-moment
resistance minus the square root of the sum of squares of the applied shear force and
bending moment by assuming a fixed load path corresponding to a fixed shear force-tobending moment ratio.
Two sets of design cases were developed for the coupling and overhanging beams
respectively and the reliability indices of these two sets of design cases were evaluated.
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The coupling beam design cases correspond to fixed cross-sectional dimensions but
different values of the longitudinal reinforcement ratio, specified concrete compressive
strength and clear span-to-cross-sectional depth ratio; the overhanging beam design cases
correspond to fixed cross-sectional dimensions but different values of the total factored
load applied on the beam, back span-to-overhanging span ratio, as well as concrete
compressive strength. The longitudinal reinforcement and stirrups in these design cases
satisfy the flexural and shear design provisions specified in CSA A23.3-04. In particular,
both the general and simplified shear design methods were employed to determine the
longitudinal reinforcement and stirrups for these design cases.
To strike a balance between computational robustness and efficiency in the reliability
analysis, the probabilistic characteristics of the coupled shear-moment resistance
associated with the fixed load path at the critical section for a given design case were first
obtained based on 2000 resistance samples generated by incorporating the MCFT in the
Monte Carlo simulation and accounting for the uncertainties in the basic geometry and
material properties of the RC beam and the model uncertainty associated with the MCFT.
The first-order reliability method (FORM) was then employed to evaluate the reliability
index for the design case based on the statistics of the shear-moment resistance and load
effects. The probabilistic characteristics of the basic input parameters used to evaluate
the statistics o f the coupled shear-moment resistance and load effects were obtained from
the information in the literature. Sensitivity analyses were carried out to investigate the
impact on the calculated reliability due to different assumptions regarding the
probabilistic characteristics of the maximum aggregate size, model error for the shearmoment resistance and longitudinal reinforcement on the flexural compression side of the
cross section.
To facilitate the code calibration process, the bias factor of the coupled shear-moment
resistance was introduced and defined as the ratio between the mean value of the shear
resistance corresponding to a fixed load path (shear force-to-bending moment ratio) and
the factored shear resistance determined per CSA A23.3-04 based on the same load path.
The bias factors as well as the probability distributions and coefficients of variation
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(COV) were obtained with respect to the design cases developed for the coupling and
overhanging beams.

5.2

Conclusions

The reliability indices (fit) associated with the critical sections in the coupling beam
design cases that are designed using the general shear design method specified in CSA
A23.4-04 are between 2.7 and 3.2, and therefore generally consistent with the assumed
target reliability index of 3.0 based on a 50-year design life (Bartlett et al., 2003b). On
the other hand, the fi values associated with the critical sections in the coupling beam
cases designed using the simplified method are between 2.5 and 2.9, and therefore
somewhat lower than the target reliability index.
It is observed that the critical sections in coupling beams with a relatively low clear spanto-depth ratio (e.g. less than or equal to 3), a high longitudinal reinforcement ratio (e.g.
greater than 1.4%) and a relatively low to moderate specified concrete strength (e.g. 30 or
40 MPa) are susceptible to the concrete crushing failure at the ultimate limit state with
respect to combined shear and bending, and consequently the corresponding fi values
associated with these coupling beams are relatively low. Therefore, it is suggested that
the resistance factor for concrete (i.e. </>c = 0.65) or the maximum permissible factored
shear resistance (i.e. O.250,fcbwdv) specified in CSA A23.3-04 be reduced for such beams
to achieve the desired reliability levels. Quantification of such reduction is however
beyond the scope of the current study.
Sensitivity analysis results indicate that the probabilistic characteristics of the maximum
aggregate size have no impact on the reliability whereas those of the model error have a
large impact on the reliability. Based on 2000 samples of the coupled shear-moment
resistance generated from the Monte Carlo simulation, the calculated bias factors of the
shear-moment resistance for the critical sections in the coupling beams range from 1.30
to 1.60 for cases designed per the general method and from 1.25 to 1.45 for cases
designed per the simplified method.

On the other hand, the COV of the resistance

approximately equals 16% and is essentially independent of the design cases or shear
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design methods considered. Furthermore, the shear-moment resistance can be adequately
characterized by the normal distribution.
The /? values associated with the critical sections in the overhanging beam design cases
designed per the general method are between 2.6 and 2.9, and the ¡3 values associated
with the critical sections in those cases designed per the simplified method are between
2.5 and 2.9. Therefore, they are somewhat lower than the assumed target reliability index
o f 3.0 based on a 50-year design life. It is observed that the reliability of the critical
section is relatively low if either the dead or live load dominates.

In particular, the

reliability indices corresponding to the design cases with the nominal live-to-dead load
ratio of 0.25 are between 2.5 and 2.6, which are the lowest values of the reliability indices
corresponding to all the nominal live-to-dead load ratios considered in this study. This
suggests that the dead load factor of 1.25 specified in NBCC 2005 (NRC, 2005) may not
be adequate for the combined shear and moment limit state if the dead load effects are
dominant. The sensitivity analysis results indicate that the probabilistic characteristics of
the quantity and yield strength associated with the longitudinal reinforcement on the
flexural compression side of the cross section have a small impact on the calculated
reliability, whereas those of the model error have a substantial impact.
Based on 2000 samples of the coupled shear-moment resistance generated from the
Monte Carlo simulation, the calculated bias factors of the shear-moment resistance for
the critical sections in the overhanging beams range from 1.32 to 1.38 for cases designed
per the general method and from 1.28 to 1.36 for cases designed per the simplified
method.

The COV of the resistance approximately equals 15% and is practically

independent of the design cases or shear design methods considered. Finally, the shearmoment resistance can be adequately characterized by the normal distribution.

5.3

Recommendations for Future Work

Based on the work carried out in the present study, recommendations for future work are
given as follows:
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1) The model error of the shear-moment resistance obtained using the procedure
implemented in this study should be more thoroughly investigated by comparing the
resistances with those obtained using Response-2000 for different analysis cases and
shear force-to-moment ratios.
2) The shear-moment interaction diagrams in this study were obtained using the MCFT
with several simplifying assumptions, i.e. constant shear flow, constant inclination angle
of the principal compressive stress in the cracked concrete and the longitudinal crack
check equation. To improve the accuracy of the interaction diagrams and subsequently
the reliability analysis results, the potential of directly incorporating Response-2000 in
the reliability analysis should be investigated.
3) The RC members considered in this study are non-prestressed members.

The

reliability of pre-stressed members, e.g. bridge girders designed per the Canadian
Highway Bridge Design Code, with respect to the combined shear and bending limit state
should be investigated.
4) The reliability analysis carried out in this study can be further extended to RC shear
walls, which are subjected to the axial force, shear force and bending moment
simultaneously.
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Appendix A Flexural Design of RC Coupling Beams

0 .0 0 3 5

Figure A.l RC coupling beam cross section
The factored flexural resistance of a doubly-reinforced concrete cross section as shown in
Fig. A.l is as follows according to CSA A23.3-04:
M rm

=

where

C si X

(d - ysl) +

Cs 2 X

(d - y s2) + Cc x (d - £)

(A.l)

and ^ 2 are the locations of the longitudinal compression reinforcements; Csi and

CS2 are the compressive forces in the reinforcements; Cc is the compressive force in the
equivalent concrete stress block, and a is the depth of the equivalent concrete stress
block.
— tP s ^ s i fy

(A.2)

05-^52^52^*5 — 05-^52^/

(A.3)

C si ~ ^ P s^ sl^ -sl^ s

CS2 ~

Cc

0c^l/c^w ^

a =/?iC

(A.4)
(A.5)

where <jts = 0.85; <f>€ = 0.65; Es is the elastic modulus of the reinforcement; f y is the
specified yield strength of the longitudinal reinforcement; e5i and ss2 are the compressive
strains in different longitudinal compression reinforcement layers respectively; As\ and
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A s2 are the areas of different longitudinal compression reinforcement layers respectively
and c is the distance from the extreme compression fiber to neutral axis. Factors a\ and
P\ are defined in accordance with the flexural design provisions in CSA A23.3-04, as
follows:
a x = m a x (0.85 - 0.0015 x f t, 0.67)

(A.6)

/?! = m ax(0.97 - 0.0025 x f c', 0.67)

(A.7)

where a\ is the ratio of the average stress in the rectangular compression block to
specified concrete strength and

is the ratio of the depth of the rectangular compression

block to neutral axis depth. The maximum allowable compressive strain at the extreme
compression fiber is defined as 0.0035 in CSA A23.3-04, thus esi and eS2 are given by
£si = (c —ysi) /c x 0.0035

(A.8)

£s2 = (c - y s2)/c x 0.0035

(A.9)

The neutral axis depth, c, can be determined considering that the total compressive force
on the cross section equals the total tensile force, i.e. C5i + CS2 + Cc = T, where T can be
calculated using the strain distribution shown in Fig. A.l.

If the longitudinal tension

reinforcement has yielded when the extreme compression fiber strain reaches. 0.0035 (this
is in general the case for doubly-reinforced cross sections), T = <j>/yAs, where As is the
area o f the longitudinal tension reinforcement. Given the neutral axial depth, the factored
flexural resistance can be determined using Eqs. (A.l) through (A.9).
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Appendix B Statistics of Wind Pressure
The 50-year maximum wind pressure, p w$o9is given by:
Pw5o — C x

-pV w

(B .l)

50

where C is the transformation factor with a bias of 0.68 and a COV of 22%; p is the
density of air that is taken as a deterministic value, and Vwso is the 50-year maximum
wind velocity with a bias of 1.05 and a COV of 10%. C and Vwso are considered to be
independent of each other. Let /i. and a; denote the mean and standard deviation of a
given random variable •, respectively. The first-order Taylor series expansion of Eq.
(B.l) about the mean values leads to:
Pwso ~ \

p [pc PvwS0Z +

Pvw502(C - He) + 2PcPvwSO(Vwso ~ Pvw50)]

(B-2)

Therefore,
_1

2

PpwSO

°Pw 502 = \ P 2 K

WS0V

2 + * P C 2 P V W S02 OVW 502 ]

Let p W5on9 Cm and Vw50n denote the nominal values o fp w50, C and Vw$q respectively. We
then have
Vpwso _ zMcHvy,s o
Pw 50n

_

-p C n V ^ so n

^Pwso

°P w so 2

Ppw50

P-Pw50 2

4 P 2k
J

i£c x

_

0 68 x

^vv50n

5Q4ffc2 + 4MC2^ w502gvw50z]
\

p 2Pc2Pvwsoa

1 0S2 _

0 75
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Mc

+ 4^50 2
VVwSo2

V0.222 + 4 x 0.12 = 0.30
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Appendix C Load Path at Critical Section of
Overhanging Beam

Figure C.l Schematic of RC overhanging beam
Figure C.l shows the schematic of the RC overhanging beam that is considered in the
present study. Let lc denote the width of the supports A and B that equals 400 mm as
assumed in Chapter 4. The factored support force at the center of support B, FB, can be
calculated according to the factored uniformly distributed load q/ and the geometry of the
beam; that is

=

zia

(C .l)

where la is the back span and lb is the overhanging span of the beam. Subsequently, the
factored shear force (Vj) and bending moment (Mf) acting on the critical section of the
overhanging beam considering both shear and bending, which is section (2) as shown in
Fig. C.l (see Section 4.2.2), are as follows:
Vf = qf (lb + I d 2 + dv) - Fb

(C.2)

M f = qf d b + I d 2 + d v ) 2 ~ FB ( l c/ 2 + d d

(C.3)

where dv is the effective depth of the beam cross section defined in Chapter 3 and 4
according to CSA A23.4-04.
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Therefore, the following equation is derived to describe the angle a that represents the
load path at section (2); that is
tan a = ^^ =
Mf

2ia(ifo+ic/2 +rfi,)—(ia+ifc)2___
l■a(lb + l c/ 2 + d v ) 2- ( l a + l b y ( . l■c/ 2 + dv)

It is shown in Eq. (C.4) that a at section (2) is fully determined by la, lb and lc, given
certain value of dv. Moreover, it is observed that given fixed values of /*, lc and dv,
increasing la leads to an increase in a. Therefore, as described in Section 4.2.5.1, a
higher la!lb leads to a higher value of Vj/Mf.

